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Absünâct !l,e flr Ê1, dêflne ttÉ nôülott8 of I'UIê, der'lved t'ule,

pênmisslble .ule for âDy sÿÉt.êm whât'soêvêr' i üher! rte et-âüê the

er<âct, dleClnc.lion ltetfleert twô klDds ôf sÿst-etDÊ Êür'onBly corrrrecl,êd:

ftr.É;t. level ârrd secorld levêl 6!,st'êmÉ. Thls âbstrâcü sêtôlt!É 13

llluÊür.âî,ed by ühe êxâmPle of l.he lmpllcât rve lnt.rdt toniêttc

pr'opôslt-ioDâl logtc. Then we hâve â look âl- somê hlêCot'lcâl

dêvêlopmeD0s.

Int.nodtrctlôrr

As lo6le lê êxpârtdlng moêt. conf1lsloD6 at'lte flom â lâck of â

gener'âl fr'ârnêsot'k, FuDdarnênüâl c(,ncePi,s whlch âê fl!'ÉL hâd â

pr.eclse meârünÉ h.ave pDo6r'êÉêlvely been complet-ely dlsf-or'i.ed ârld

ât.e rrsêd in vârlorrÉ wâ''ê ÿtüch arê DÔt cohê!'e'rrt- slmu.lüa,rêouÊly'

Thlê problêm ls especiâlly vtvtd for' concePt É Uke thôsê of rule

âIrd system of deduêüiort tÿhlctt âr'e bâêlc üoolÉ for phlloaoPtrlcâI

logic âÉ ÿêIl âê fot mâütrenrâôlcâl logtc. lre Pr'ovlde her'e â giênerâl

âbst.r.âct. sêÙülnÉ â,td vrê giÿe cleâr' âtrâl',teÉ of Éomê ÿell-kttowD

probtems such âÊ the ÉtâLt§ of i.he cut Fule ir! a êr,L-faêe sys'Lern,

t hê clæslfical-lon ôf êÿêf-em8, t-he rrây üo |,r.êserrü the modrrÊ
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ABSTRACT SETTING

1. Rsles aDd der.lvêd r'r.tlea

Lêt t be â sel-, â rulê R oÿeî ë 1É â pâh <xix> ?.her'ê xls â

subset- ôf æ âDd x Is ân êlemênt of æ. The elet'lênoÊ ôf X â!'e câlled

preml.se.s of R ând x conclt.ÿaon of R. A r'rrle rhoÉê Êet of Pnêmlses

wlll be nsêd for. r.ept'esent ât-loD of ,'ules:

xl ... xér...

up ülte pr:ertiêeÉ, belorr Lhe concluslon; not.ê Lhat' ÿê ât'e tlaIDB l,trê

rroüion of or'dêr. lrt t trls syrnlrollzâülorr or y fot' nâmltlg.

A proôl of x lrom ühe Êeü of a.ssùlt PtCons X ovet' a Eêt of

rttles fr Is â sêqüetrêe <x7r...'S<a;....'sù auch ühâf- eâch ôf lLs

merDbêr. lÉ Lhê cortclusloD of a îu-le of !n tÿhotê Pnêmlteê pr'êcede li.

ot' is an âsêumpt loD.

A dêriuêd rùIe of ft ls â t.ule <X;x> such ühâf. Lhêt'ê êrdst-a â

proof of x fr'om thê sêü ôf âaÉurnpt'lorts x.

cllvêD a sêt. & of r.ules, lt ls cleâ. t-hât. ever'y I'u-te of E i3 â

derlvêd .ule of ft, 6uch klnd of derlved r'ules wIU bê câIled

pr.lrüLlve r.ulêe.

Now let, us wrtte Xf- x i.o Éây ühâC thêDe 1É â p.oôf ôf x from

tte seü of âÉsurnptloDs X. A .sy.stêrrr of deductton g ls â ür'lPle

g-<æ;æ; F). Fôr' t.he sâke of slmpllcit y we ÿrlll sPêâk ôf tbê êysüêm

t oÿeI i, or. of ëhe syÉt em tr, or of tr.

lIê câLl Cttê r.êlât lon l- Lte loe:tc of (the êyêt em) E, â.rd ühê

subloÉtc of ühe lo61c of fr ÿrhlch ôonLalr|s onlÿ ühê pâtn8 <Xp.>

such thât X-O, thê semi-ac,ê.lc of t ; thê êeml-êlrstem & tÉ thê

3



stst.êm E coDÉIdeDed t,lüh tLÉ seml-lo6lc lDtt'êâd ôf lü3 loglc.

It tr clêâ!' ühÂt <Xpô ls â de!'tved t'ule of ft tff XF * Lhê

loglc of I lÉ ühê set' of dêDlvêd r.ulês of E ând ühe Éeml_loÊilc of

E tÉ f.hê sêü of ârdôrnâÙlc dêllÿed t.ule6 of 8.

2^ t-E.Blcie ârrd t,er.rnlaslble rrdea

A lo.e'ic f. ôver. æ ls â pâtr <æ;P t.heDe l- ls â sêi. of t'ules

oÿe! i. X l- x ls ltrilt üer! fon <XpÔe l-.
6lÿen â lôalc over A, a

ls â r'rrle Êuch thât-:

pêrmC.s,s{ble ru,e <{x1,...,xcr,...}pà

If 6l-- xf ând ... âDd 6l- xcr ârtd ... thêt! gF 
"

Example: gilvetr â lo6lc oveD i and x an êlemeDt, of æ <{xhx>

lÉ â pêr'miÉ61ble r.ule.

flte Éêt of pê,'t'rlsslble rules of â loglc over' A le tts6lf a

lo8lc ovet' tr, t e ÿd.U câtl lt' lüÉ doublê. Tlrê lo€lc ovêr' f trbfch

côntâl'ls eve!.y pâlr. <X;rÔ vhtch 1Ê ln ttrê dot ble of I but Dot, ln I

elll be câlled Lhê srrodod of 8. If ühe Élrâdorÿ of â loalc lÉ

nor)-etnpt-y se !ÿlU êây thât- fl. lÉ â sâodol,y ,odc, 11 Dot, tü l3 a

.s,rddêless aoÉ{'c i o,fl. â loÉilc ttâs â 6t!adow, hâÊ Do s,Édor,.

â lo6lc

iüs dorirlê.lt.e pe.mls8lblê
r.ulêÊ

A sêml-loglc ovetr â nôD-emPl-y 3èL æ ls âlrâyt â êlrâdowy lo6lc

becâuse lf x ls lD i <.(xfx> fe â Pet'mlÉslblê r'rrle but txllz- x.
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(Jlven â loÉic, ân êxpr!êssion âbouf- F elu be ealled â larr.

Exâmple of Iâe:

loldtnê: aot"t fo. ever.y ><,rt,..-,xêt,...

if oF xl âDd ... ând ôl-- xcr aDd ... thên gF *

iff

{x1,...,xc,'... } F x.

lrê will câll L}!è uDloldinÉ torr' the fil'sL hâlf of t.hls Iâ!,

(-if) ând t}rê entoadln€ lorr, ùhe second hâlf (-only if). And we

!ÿlll spêâ* àbout loldinÉ ,oélc ' êt.c-

UsiD6 t.hls Ler.mlrlolo8ÿ rve lrâve: â lo6lc ia ân urlfoldlnB lo6ic

iff it- is â subloêlc of lLs double, ân ênfoldirls logic iff lt hâs

no shedow artd â foldirt8 loBic tff iL is Lhê sârne âÊ lüa d()uble.

Artoi.her êxâmple of lâtr lt:

cut lal!,t for ever.y x' y, N, Y,

lf xl-- x fol. êvêr'ÿ x€Y and Yf- y Lhên xF y.

l7 Eù,ery c1rt loÊ'tc i,s dû un{ôldtn€: la€:ic.

A lod"tc is said to be dêtermiIlêd by â sysLêm lff lt. lÉ thê

loatc of this atstêm.

Orle mor.e lâÿ:

idenfity loù: fot' evet'y x â'rd X such i.hâü xêX, Xl-- x.

^ 
loBic foF ïhIëh the identlüy ârld thê cuL lâÿ.s hôId tlu bê

called â normol loÉ'ic.

,2 > Â loe:ic ouer i {.s normol i|:i it can be detèrmi,!êd bÿ d

.sy.stêrn ouer æ.

3. Systêns ârrd per.mtÉsibtlity

Thê lo61c of â syst-êm is â cut Ioglc (12) Llrus il, is an

unfoldin8 to6ic (tl), eveiy derivâble r'ulê iE permlsÉlble.
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Olvên â sÿstem !n ÿ.e câD sPêâk âboul, Lhê PelrnlÉslble rrrles of

*, Lllât- meâDs ühe pertnlsslble ,'uleÉ of ltê lôgtc, buô we tDuat- keep

ln mtnd thâü ihlÉ Éet. of pêrml6Élblê rrrleÉ 1É lndePêDdeDf, of fr tD

ühê follot ln6 6êrlsê: lf we hâÿe a loÉlc rhlctr hâs a êIrâdorÿ, ùltlê

shâdor, ?rtü âhÿâyÉ be üt!er'ê: lrt ârty 3y3Ùêm r.hlêh detel'mlnea ühl6

Ét!âdowy lô8lc t hâr.ê âr'e Per'rüÉÉlble nôtr-det'lvâblê t'uleÉ.

ag t I1 ttùo ê,rloldtné sy.stêr».s tror]e thê êar e se,,trl-loglc

(=dxLomot'ac dêJrl»èd rùtê.s) trrêÿ ho9è thê s(,ûe loêic (=d€,rlt,êd

rülês).

,4 , A rulê d.s /Dêrm{.sslble for d .sy.sfem 7îl in dddtn€ 7t to the

.sy,stêm t re nêù .sy.tÉêm so-obtaLrre'd hds f,he .same sèr'iIa-lod{c.

A .system E tÉ êâld to be derir,dble fDom â Ê!'êüem *' lff evely

prlmlt,lÿe rule of I ts a det'lved rule of &'. t âtrd 8' ar'e

ûnte.rdèrl',dblê lff tr lÊ dêt'lvâlrlê fr'om æ' âtld vlcâ ÿer'Êâ.

as | Îu,o .system.s dre {nterdêF{rrobtê {r, ahêy }roue trrê same ,oÉlc

(=dêrCuêd rüle.s).

But tt o sttst errÉ caD lrâve Lhe Éâme sêrrü-lôÉtc e,ld be

,ron-lDüet'der1ÿâble: tf â pllnüôtvê r'ule of l,trê flr'st. i.r,o ÉysLêm ls

â pê!.miÉslblê rlott-deilvâble r'ule of t,lre aecoDd.

a. Rtslng : sêcortd leÿêI systeÉ âtld tEl,âloÉtc

Given a Êeü æ1, Lhe Bêt. ôf âll r'ules of il ls called T2.

A first têl)el lôd{c (utlnÊ symboüsm: â l-lotlc> 1É â lôBlc

over æ1.

A .9econd ,èt)êl loÉ:ac (- e 2-loglc) ls â loÉlc ovet' f2.

stmilât'ly Yre deftne ühê coDcéPtÉ of flr'sü ârid second lêÿel

t'ule and sr'tt.'ern. 
^ 

sacond level DuIê rrlll bê rept'esetrüêd Uke

êhla:



Giÿetr â lo6lc, lâ!,.s âbouL 8 (le, êrapr'êssloDs âbout P ârd

üflre lâÿs for' {, foDm e klnd of 6ener.âl m€.toloé"ic, Lhê pDoblem t-o

klrôv rhêthet lC ôâD be corEldâred âe â loGlc ot' Dot will ,!oL be

tr'eât'êd itere. lre ÿlll llnlt, orrl.Êelÿeê Lo â t'êrtrtcüed par.L of

meüâIoBIc.

âmon8 âIl L!É lâÿ{s âbout f- i.e t lll conêlder' otüÿ ùhôse whlch

!Êvê thê fôIloÿrng fôrm:

tf xt l-- xt ând ... ând x..l- xor âDd ,.. t'tleD xF *.

If ruch â lâtÿ holda for â loglc t ft wtu be câlled â

z-rnêtdrulè of f,.

NoCê t ttâü ühe cut, ldent.lt y, eDfoldlD6 lâss ât'e troü êxâetly

of thlÉ form buü they caD be conaldet êd æ êet-B of lâyÊ of tlrlê

form. The urfoldln6 lâs câDDot be cotraldetred lD tbls vâÿ.

cllveD â 1-lo61c, thl8 klnd of metâloBlc câD be t!'eated ln

t elrrÉ of 2-lo6lc.

).l !- ,.l --- X.r >- xÉr ---

Xr-x

ÿhet'e X >- x ,É a syrrbollzâi.Ion of <Xx>.

T}re 2-rnetdaodc

followlrlB 2-lotlc:

2frfi=<æ2rÉ> of â l-loBlc 8-<tt; F-r> tê ühê

.l <Xt;x1>,...,<xd;x.ù.- | b <x;x>

tff

\lIê sêe thâô the 2-,'leüelo6lc of â l-loClc la lüa set of

2- metâr'rrlêê.

A .second a@tle, ,.têt(,loé"lc {-2-meLâlo6lc) lÊ â Êêcond lêvel

tl Xf l-xl â'rd ... âDd Xâ l-"!x., ând ... then X l-+<.
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loglc whlch Ie the 2_metâlo6lé (,f e fit'Éü level loBic.

The àedrf of â 2-ttretâloglc ls â subloglc of

folloeÉ: {<X1;x1>,...,<x.tx.ù... I F <xp iff xl-o,
x-o and .l(X1;x.D,...,<xêrixd,... I l-- <X;rô.

Thrrê lt- ls cleat. üirât t trere Is â one-ëo-oDe coDt'esPondertce

beüveen Lhe doublê of a lo8ic aûd the heât't of iiÉ 2-mêtâloglc.

I Ls 2-mêëâloÉlc
-lt-s 2- rlre Lâr'ul es

A t- 106l c

côDrêspondence

Its doub le-
lLs pefmi6sible I'r les

t'hê heâr t of lts
2-rneLaloê[c

a6 > Â z-rnêtoao€'t€. is d norrrral ênîoldlrtg (.s€.cond aètèl) loé^{c.

Vre mtlÉü Iloü confttse ühIÉ fâct lrlth the fâct- üttâi, Che

ldeDtlüy, êuê âDd enfoldtng laÿt tÿhlch aPPeât! âs eet-8 of 2-!'ule8

âr.e ott âtle noL ln â 2-tretaloÉlc. For examPle ühesê 2-rrrlea 1llll be

fur üfle 2-metaloÊlô of â lo6lc lff 11, ls a 'torn|âl 
êrlfoldlnB loglc

but the 2-meüâloÉlc of âny lotlc wlll alYrâys bê â nôr'nâl ênfoldlDB

lo6lc.

t lrên Épeâklng âbouü e.t. Lltê cuf. t'ule ee mêaD a set. of r'ulea,

ÿê d(, not. mâke ân expllclü dlstlnctloD heDe bet ÿÿeêD Dules ând serL§

a

lü defiDed âa

]{cr4r,



of r'ules.

aZ > Tùo loe{cs orê Éhê .same 4!, they hatrê the sa,'le z-mètaao€.lc.

Ilrê seml-IôÊlc of â 2-êÿstem câtr be corrsldêI.êd â6 â l-lo8lc

In ütê folloying wây: Ol <X|r» fff XF x. We rÿlll êây üh.ao â

l-lo€Ic IÉ dêüet'mlDed by â 2-éyet,ênt to sây thst. lt, co!'DêÉ'porldê lD

Lhlê eây i.o lüs seml-l(,Éic.

Not-e t.hâü â l-Iôglc dêt et'rnlrled by â 2-ayêt'em lê rro.L nêceÉ|sâ,ly

noamâl:

lA > À obJ--ct Ls a l-aodc tlî it can bê detêrmtne.d by d

2-sy,rtem.

Therr t'he coDcêpt of 2-sr'êüem 1É fâr' r'lore 6ene!'âl ühâf. èbe onê

of l-s''süêrr. ID faci, ùhls shoys t'hât. to êlfunb to a f.bl!'d lèvel lê

urinêcêÊsâ!y.

Ai.

plcLur.e:

tü

Buü ühe vâüdtêy of thlÉ

r.el,âttvê âs rrê etll sêê-

ùhta polnt. lÉ posatblê tô preaent t-he folloÿl,lg

lf sê âr!ê t'rLêr.êst.ed se cân FêetFlaL ou}sêl ÿêE tô:

1-eDfoldl nt I 06lc l-êeml-Êÿaüem

1-nor.mâl loglc I -ÉÿÉi,êrn

l- loglc 2-Éem1-Eysf.em

k nd of ,.est llci-ions ts htÉhly

5. The lriüet êsü of !.IaIDg

The 2-rneüâIôÉlc of a l-loglc def-êt miDed by â 2-sy8Lêm lÉ Dôt,

ne.ceaÉrât\ÿ ëhe loÉlê of f.hle 2-Êyat.er,l. ID fact. thls 2-,rlet âloglc iÉl

ühe 6eù of pet'rüEalble Dules of the à6l,atem âDd âÉ t-l.e lo6lc of
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ttrlt 2-êt êüem ls Itr ret. of deDlved flrleÊ rre irâÿê:

19 > The 2-nÈtdaodc o, trê semL'aoêlê o, d 2-,systêm 1s the

loé:ic oj 4t t|.l 7t {.s @a ênroad{DÉ' .system.

â 2-Êysüêm fr per.mlss lbles t{rler of !E
-i-tre 2-meLaloglc. of:

t.he Éeml-loÉlc of t
conÉ ldet'ed âB â 1-loglc

No'r ?ê cârt Elee thls vêt'y lrnpoaüâDê fâcü: ln ttre sarne *ây t-hât

tiro non-lliüefdêt'iÿable sysl,ênE cârt deLeDmlDe tt!6 sâme êêml-loÉlê â

l-loglc câD be dêüerrntned by tùo 2-ayat erns wltlch âîe not

tfrt-ê!'del.lvâble.

IrÉiDg tZ ÿ.ê lrâve:

a7O > Il tùro 2-.sysÉem.s dêtermtnê the sdmè serrrL-lôÉdc thêy trdrre

ahe sdme p6rrral.s.s{bte rüIês.

BuL ühêÿ hâve not necesÉâtly ülre Bâmê det'lvablê t'ülea.

aM > f ! d lo,:,,c cg]lr bê dètênm'lnèd by o l-.sy.sÉêm, the ldênt,-ty

dnd cut rütê.s .rre pêrmlssible rulês ol dny 2-,tystem ùrrich

deferû{nês ir.

But they ârle no]L nêoêaaaDy dêr'lved DulêÉ.

It, Is posslblê to süudy 2_syÉLerns only by lrrteresl, fot'

l-Iottc âDd thus Lô contider 2_3!rÉt êrrrÊ orüy âs 2-êeml-Éyst êr'la but'

Il. ls clêâ!' from pr'evlous cônÊldêt'âf,lotts ühaü êvên lD Lhlê câÉe

2-lotlc lB ,mpol'Lânt. becâusê the seü of derlved ,'uleÊ of a

2-Éyêt.em ts lt-Ê loËtc, la â z'lo€lc- aDd tbe Éet of Pêr'ndsslble

rules of â 2-Êysoem ls tbe 2-metâIogic of iLÉ Éêml-lo6lê arrd t hrja

â 2-IoÊlc.

det'Ived ruleE of I
-t he 106lê of *

the sêml-loBlc of ft
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Ii- ]s clea} thât shâü ue câll â 2-sysLem is â almPuflêd for'm

of a systêm ôf type LJ of Oerlt zeD (8ee ttrr).

lre ,râÿe left, âsldê noôlorls of câr'dlnâltüy eDd oDdel' Yhlclr â!'ê

noü fu'rdâmenLâl foD ortl' Pr'esêrtt Pu}po8e ând Ye hâvê left ôPen i,he

qr.resüloD of the Dâüu!'e of bælc obilecü8.

Noÿ, lL t tü âlso trâÿe beeD PoÉsible to coÎ|Êlde!' z-s''süetnt of

type LK: tn êhese Êt êcêtnÉ cotEl,ltuent.ê of t'ules ât'e of LyPe <x;y,

irlsLead of üype <XpÔ. But t!ôt ê t.hâü coDslder'lDt thl§ ktnd of

syÊi,êrrs does rtoü rrêcletssarly meârt ttÉt wê âtre lrri,êt'e8üed ln

mulolple-conchrslot! IoÉic studyt36l): cârr

2-mrütlple-Eÿ6f.ems onlÿ by lnt'êr'esê for. one-condlu,slort loBlc âr|d

ln t-hê fiâr'|êyor.k of (,fle-coDcluÊlot! loÊilc ; ôur PleseDrb abÊi.râci-

sett'lnÉ ceD bê êxtêndêd to Lhlt klnd of s!,§üem ÿlt'ltouü t'lÉlrtg to

,r|ult.lple-côrrcùrêlon loÉlc.

In fact. lL aPPeâDs thât oêDüzerr

2-orldeaêd-mult lple-Élrsüêms onlÿ fôt' thê study of

6ênt zê,rlârr symbol + mr,so not- be lntêr'pneêed âs F

wæ trslne

1-semt-lo8tc. thê

It. lt poEslble t,o êây l,ttâL Éetrêt'âIly thê ÊêôPe of lo6lc lÊ

llrrütêd to ênfoldlrtÉ nor'nrâl lôglc ând thât Ye car| ,'êsëDict.

out'selÿês to l-seml-s)rsLenE ând 1-seml-loglc. Brri. even ln übla

t.r.eei.mettL we â!e lêd co tl§ê ,no!'ê comPlex concePûs â,rd üo cllt, t.o

tlte ÉecoDd lêvel.

AU ühls ktr|d of pherromenâ vêr'ÿ well lD

,nal,hemâülca.

Orre mây corlsldeF fot' er{âmple ühe st t'uct-u}e of ühe rtâüut'al

rtuDbet' lmmer.Éed ln â moDe complêx Ë'Lnuctur'ê ortlÿ by ltrtet'eaü fot'

rr,âüuFâl nu,nbels.
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6, Tr.ârtsfor'rrâtlorrB of l-st/8tetE ltrùo 2-aysüeDE

Ttte problem ls the folloelr»8: 6lven â i-êÿeLem, hoe üo flnd a

2-sysi.ern vhoÊe Êeml-togrc 1Ê ühê loÉtc ôf thls l-syBtem, te hot to

flnd â 2-Éernl-êyêüem wtrlch det eDml'lêe thê loÉtc of thls 1-Éyatem ?

In fâcL t he!'e âre ,nÉrny ÿrâys of pâaBIDg ft'ont the fl!êt' tô èhê

second level so ühât â l-ÉyÉtêm âPPêât's â!, â côDdêt:ÉâLlon of

vâr.ior.6 2-syÊternr.

Stnartlrt tr.â,!af or.rEtlori

It. ls clear' t'hâü e l-flde câD bê cottsldered âs â 2-t'ulê:

<Xrà.<6i{X;»>. l,sln6 symbouam:

But ,lL sêemÊ êhâü ÿre âr'ê âlsâyÉ dDâr.tr to moae cômplex leÿels

ând Lhâf, we ârle câ.rrlled uDÿrrllln6ly Co hlghet ând hiÊhe. aphêleÉ.

xl --- xâ -,-
thê l-r.ulê:

ls l-I'ârrsfot'rned Ittto the 2-t'ule:
o

1x1,...,xa,...1-.
€llven a Éet- æ of l-t'ules, lf !ÿe' corlsldeD ühe 2_ÉyÊt.êm em

so-obLâIned âll r'ules er'ê ârdonrâLrc, then ÿe hâvê: Xh_ x tff <x;x>

ls ln ft. If ÿe eârrt. more ÿe hâvê t(, Puü âddlt toDâl 
''ulês.

!/e coD6ldêr +.h€ ldenijôy Dule (ld>, ültê cut-O rule (cuüO) âDd

f.hê cuL rrrle (cuL):

et

- 

td
Xr-x

o'-x .l*l-v x>.x l"ltv - v

2t>-y
d,ulg cuü

XUY )- y
(x€X)

,12 > lte sêmL-aoÉ^ic oU d t-aystem !n ls defêrl'l{nêd by tàe

2-systêm Ù* paüs thè Ocut 1ülê.

a13 ) the loé'tc ol d l-.sy.steùr & {s determl'ted by fhê 2-.systêm efr
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Urrf oldtrtt ünâDaf orrrâtlolt

Glven a l-8JÉtem !B we wlU t-r'ânÊfot rn tL ,n a 2-syêüenr

unfæ by urlfoldlr|Ê eâch Du!ê of ll.:

lÉ üI'ânÉformêd lnèo êhê 2-!ule:
O>-x

al4 > Tr.e s.€Jmi-loÉ{ê oU d 1'systêm & ts determtnêd bÿ trtê

2-.sy.saem unJfn.

If we âr'e lr't.eDesüed orüy ln aeml-logtc ühlÉ i,t eDafot'mât lor!

ta Éufflctetri.

Now t o obèâlrr êhe fu-ll Êo.lut'loD we use extented ùloadln€l

â l-rulê of E:

â l-rulê ôf tR:

xl ... x.r ---

O r-x! ... O>-xcr...

xl .. . xé( ...

Xl >- xl ... X.r >-x.r ...
k Crâriêfot'med lrrf-o ühe 2-rrrle:

X>x

r15 t ?he aoétc ol d l-,ty.sf,êm S {.s deÉermCned 6y the

2-.sy.ste» êrunjflR pllrs ihê {dentlty rülê.

IL lÉ posstble thât cuf. ÿlll be â de,.lved t'ule of exunftr ârld

It- tÉ t)oEslble t-hât lü yÿlu not. bê. ID ârly caae cut. la â

per'mls6lblê r'ule of êxuDfft: thê ee,ml-lo6lc of euDffi It 't lrê sâme âs

the lo6lc of E ând i,he lât-t ê,r. ls â rtoDnrâl loÉi6, Llren cut la ln

tt.Ê 2-met-âloglc ühus lü mr.Él- be lD ôhe 2-rDet âloÉtc of üttê

seml-lotlc of exurf8 whlch 18 exâct ly ëhe êeè of peD,rüêslblê !.ules

of êxunflR.

13



ILLUSTRATIOT{

l. the lo€Ic 3 â'rd lùe dorrltle

lre corlÊlder. heDê trre trrt.ulôtoDlatic impllcâtlvê pt opotlülonal

loÉlc §-<E; F>.

E tÊ but!ü from an undet'lylnÊ see of pt'oposlüloDa â3 u8ttâl

wlt'h ôttly ühe côr|,lêct'lÿe +.

l/e conEldet' ftr.si. ChlÉ loÉlc ln if.Éelf indepetdênüly ôf ânÿ

deüêr'mlrrâüloD, le of âny êyaüem det êamintnÊ lt.

Rêêâ.U üirât ÿrt0h only 3 ÉlveD, ùhê fôllorlnê oètrêr' lô6lcE ât'e

D§, ühe double of 3, te lüs sêt of pêrmlsBlble t'ulea'

2m3, ühe 2-met âlo€itc of 3.

For âIty l-Êysüern sho rdU det êr:rnlrre 3, Iüs set of der'lvêd

arrleÉ ÿlll be D.3.

Fo,' eDy 2-syst-êm who r,lü detet'minê 3, tta Éet ôf per,rüsalble

DuleÉ stu be 2f3.

The fir'st, pol,lô lE tlÉü 3 lÉ â not'mâl loGtc. Thus t.he

tdent.ity e'rd cut rrrles âre ln 2tr13 ând i,heÿ slll be PêrmlÊÊlble

au.les of âDy 2-êysüem wtlo ÿlU det e!'rünê 3.

t{oÿ one ühlrra tÉ êuDe: S lÉ strâdotYy or' not. But eDoühet' ülünÊ:

1E: â 2-syBüem ÿhlch dêt eDrrüDes 3 ca,r be 8'lâdowy or nôl-.

ÉxampleÉ of permtÉrlble âDd Dorrpê!'mlsslble Dules of 3:

{pll-oc P

{p}l-os q

o l-DC (p+p)

1<p.p> I |zôs c

74



<.lP |;e) r= tr! the shâdow of 3.

No!, iL lÉ Clmè üo emptrâslze a'r tmpoI't âDt polDù. In or.rr,

âbsl- âct- Éêüt.inÉ ühe nâürrt.e of t-hê obJêcüê t âs ,rôt. spectfted. Ôrrê

pr.edonürr.ant pârt' ôf logic lE whât ts càlrêd Uômda ,ôé.tê tn l.lre

serEê that âr! objecf. of â formâI .loglc êelt be consldet'ed es

coDst ltuüêd by â form ând by â coDoeIrt: fortnâl loÉtc ls bâêed on

this dltütncttoD. ID ouD prrêêe'tü example Ùhê fôrm of ârl object' of

E ts it.É sêt of coDDectlves âDd the mât f,e!' IÉ lta êêt of

t)!'oposit loDÉ (pârent.heseÊ cân be consldet'ed ea pâr..l of t.t|e foam

but In fâêt. t-hêy ât'ê substdlâr'y obJects âtld câr! be ellmlttâtêd by

tbê fârnôus mel-hod of l-ukâÊlêlÿtêz). Now â subsolüutlon la â

funct.loD shlclr Iêtê lrrvâr'lâDü f.tÉ for.m of t'he obJêcL. 3 la â

fol'mâl lôglc:

xl- x fff for evêDy sub6ttt-utlon u d(x)F a(x).

A Dtr.lê schernâ ls â set- of t ule8 lrhlctr Is cloaed uDdel'

sub6tlt'utloD. <see t3l foD â speclâl âecourti' on substlêuülon atld

for'rnâI lo6tc>.

*16 > In the sltqdôl,, olF3 tàêrê {s no nrle .scàemd (Éêe [9O]).

In oülrêt' r.o!ds: 3 is a 6êhêmâ Êtrâdele6a loBlc.

ADy l-sysf.em rvho ÿ.lll deüet'tlüne 3 ÿtll be a schê'nâ slrâdeleÊÉ

Ioglc.

2. S!,süeE fon 3

Thê l-Eyai,etD 3

(xry) o
I-mp 

- 

t-Pk
(xr<y.x))

o

v

15
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StnâIGhG têid-tt arElônhat lorr: tt!ê â-ÊyÈÙêD Uv

2-mpa
.lx, (x.y) l >- y O >- (x+<yrx))

Èw
O >- <<x.<y+.>>+< <x.)Y)t(x+z)))

g6
2-Pk

at

Or-x {"}-y
O>-y

éut'el

Stnâtclrt tt âtt8for'-âtlott3 thê 2-3t tüelr U

2-mpâ
.lx, <x+y) | >- v O >- <x+<y+x>>

2-9a
O ,- <<x+<yrz>>.< <xry>+(xrz> ) )

oo
2-Pk

o

UrlfoldirtG aetd-tt"arEfonÉtlorr! Che âatatüer $v

ù

- 

td
x - * (r-x)

A>x O r- <ra+y>

x >- x l"ltv - v

xuy >. ÿ
crrt,

a-pk
o

2-ûpO
Or-y O ,- <xr<y+x>>

o >- <<x+<ÿ+z>>, (<ra+y)+(x+z) ))
o

16
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UDfoldlrt€ tr'âr|sfolEtlôD! ùlrê 2-tt 3i,êr S

x>x Y )- (xry> o
2'Pk

xJy '- 
y o >- <x+<y+x>t

2-P.a
O r- <<x+<Y+z)>.( <x+Y>+<x+z) > >

o

. ,- - 
t:-*,

By thê aêûêDâl t'e§ull,s of Lhê prêcedêDt- sêcülon (tt2' 
'13'

d4r rlE) tê ktoÿ ètlaù 3, U âtd â det'eD'ntnê t'hê Êâ'ne t_lo3lê'

Now wê rrill corÉldêt motê soptrlst'loâtèd 2-a!'at'êttE'

thê z-tlrst et tÙ

X )- x Y )- <x+Y) x\r.lx I >- ÿ

2-'r'rr,

o

XUY )- y

The 2-tyttêr C

-td
x - " <*ax)

2-mP

o

.l
X >- (x+y)

x ,- x YL{x } t- Y

XUY >.y

x r- x Yulv| >- z

,{tJYul (x+y) | >- z

o

- 

td
x - " (*=:(>

f,r? > ,,9t dnd O orrè 'tntêFdêrlu(,blê'

X > (x+y)

xJjx| > y

oul,
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Tttê ,râlr, polnf. lD ChlB demoratt âèron Is ühe eo-callad

a18 t +r Ls a der-luêd ruaè ol $-

Thue ta tB derlvâblê f!'om 5.

CuC ls der.lvâlrlê fnom {2-mpr+r f-

Yu{x } >.y

X)-x Y >- (r.+y)

xlJY )- y

+l 18 derlv.btê f.orD {2-mp,cut, } <rnodulo td>:

2-ûtP

o
td

(x+y> )- (x+y) X t- x

l«.t.1 x+y I r- y
2- mP

n{v} >- z

og
td

-rl
X >-- <xry> {<x+y)fu{x} >- y

cut-
,ÀJ{x I ,- y

x\.tYu{x+y } >- z

Tbus t derlvâble fr.oD tt

{2-mp} ts der.lÿâblê from .lcut 
'-rl } 

(modrrlo ld):

td 

-

.l"l r * lyl - v

crrt

X )-x

x r-y

t8
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{2-psf te det tvâble ft.om l+1,+g[ (modulo id):

ao

- 

td 

- 

td
{"1 . " 1v} '- v +l

o

- 

td l(x'y),xl >- y l.I - .
l"l - " l(!,2),(x+V),xl >- z

+l

+l
l(x+(y+z)) '(x+y),xl >- z

O >- <<xr<y+z>>+ ( (x+y)+(xrz)))

ThuÊ t ts dêr'lvâble from 6.

s, Tlrê slrâdov of (D-

\re n(,s coDÉlder' ühe Êysi,em G_ whlch ls t.he Éyst-êrn l} vli,hout

ütre cut rüIe.

A 2-ir!le: <l<XlrxD,.'.,<xét;xd,... |;<xx>> ls sâtd Lo bê

a/,olytlc tff t.hê rds and ühe mêmbe'!'s of the xts âr'e âlI

subfoDmulâe of x oD of fot.rnt,lâe of X, str{ctly dnolyt{c lff

,nôrreover ôhe Pt'oP6a Éubfo!'mulâe of x âtld X ar'e oDly Érrbfôrmulâe ôf

ühe ds ând ttre XIs.

If !ÿe hâÿe â ee'L of ânâlyt Ic !'u!es S lt lt cleâr ühâô âU t'he

derlved t'ulêÉ of E t lU be atrâI!/t lc.

All ühê t'ulês ltr {r- e!'â anâllrüIo, t-tlua:

J79 I the cüt rua6 Ls not d der,li.,oblè rule olf 1Y'.

r2O , {, r,'',d Ct- dêtê.rftlne the' .somê serl{-toÉ:ic <Cot'oüâry of ütre

cui-ellnül|ât'lon üheot'em>.

tloÿ. lt. ts cleâ.tt ùhât, t.hê cut ,iule ls â Pernüêslble !'ule of

O- (cf atl, 117 arrd l2o). thuÊ

121 ) (,- {s a .serrêmd shddolrJy ,oÉic.

x3
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ly'e Éee thâf- ll lt def.er.mined by t.yô norr-lntêliderlvâblê

2-Éÿêl-ê,ns.

In Êàct âll noFâDâlÿttc per'rtrtrÊIble !'uleÉ of (F â!ê

Don-dêr'lvâble ruleF, foD êxârnplê 2-m}r. Thê quêat,lon iÉ: ât'ê âll

t-he t'rrleê ln ühe sêlremâ slrâdorÿ of 6- non-ânâlÿt-lc ?

Thê ârrÉwer ls negât lve.

CoDaidea f.he fouorlrl8 r.ule scrrertâ:

X>,.
,no.notônÿ rulè: (x-cv).

Y>-y

thê Éyêtêrr G- lÊ ofteD pr'esertl.ed ,lth ühls âdditloDâl r.ulê.

'.22 
, Trl.e ùtonotony rülê ds d perm{.s.st6ue ruae ol (t-.

It' ts dlêât' thâü t!üs r'rrle is lD ühe 2-mêi,âloBic of ârty

l-sÿÊüêm, ând lD pâ!.Llculâ! lL l3 lD ttre oDe of ê, tlot becâuse O-

detêrmlnês ühe Éâme l-lôÉld â6 3 (deducütort LheoDêny' crI]L

eLlmlnâüloD übêot'em> It tÉ by defltdülon â pet'tnlsslble Dulê of O-.

UÉlnÊ 14, rre Éee i,rlst lf tê âdd i,lrlÉ r'ule t.o lt- we obt âlr! Ll.e

sâme Êêml-IoÉlc.

'.29 
> 1r.ê morrotony rulè,ls not a de,.lÙabrè rulê ol (5-.

Now âll Lhê r'rrles ID (t- âre .strlcÉly analyt{.c âtld i,hus all

dêrlÿâble !'uleÉ of (l- ât e Éi.rtct.lÿ ârtâ\rLlc âttd Lbe monoto'ly

Ft'oDr 122 aûd !|23 -e ltrfe!. t trât:

a24 > :'he monoto.rtÿ rülê {.s {n tte ,sêàemd sà,ador,o ol (*.

4. Âborrü ülie clâsslflcâùloh of BysüelE

An ohdlDâly clâsslflcatlon of Éÿêüêms of dêductlon lê <see

e.B. tgTI):

- HtlbêFf-târ'/ârdômâf-tc

xt



- Nât ur'âl deductlon

- Sequerrt, câlcu.lus.

tn fâêt âll t.hese syst.ems cân be con§ldêr'ed âls ÉysLerns of ê,te

É,-âme ü!apê: 2-sysüêrrÉ, ID out' exâtnples, r'eÊPêct-lvelÿ: ,, ,1, 1§,/&'.

Now âmong 2-s!,sLêms t e câlr cottsldêr' va,.lÔu8 üyPeÊ ôf s!'§t-ent

âccor.dltt€i t-o l-hê t.ype of thell' r'ule6.

Folloslrlg 6entzêD (seê I11I) r'rrlès câD be divlded lrt üwo

clâsÊêÉ: sit'ucürjr.âI artd non-süt'uci-ul'âl ('oPeraülônâl) Dulês.

!.e hâvê Lhê foUowlng PlcLure of Lhe lePer'tltlôrt of t\tleê:

z,ftp
g DO,r- â,.l Orfiâc

at td âxl ô,l!âêl c

I atr.Irôtu}â I

n 5
1c

notr-sLDuct uaâI

u

noD-âxlonrâülc

âxl omât,l c

ttôn-Él-DucLur!â

(U

str.uctuaâ I

I
crrü rrôn-ârrIômât,

û td âxlomâü1c

Àl af.r.r

no,r-axlornâülc

rroD- Éür'uct,ur' ttoD-st t uctutiâ I st r.ucrLu.Fâ I

fn U êvet'y Étep itr â Proof lÉ pt'oducêd bÿ t'he cut "ule' 
Sudtr

lntereÊt, boùh ft'om â PhlloÉophlcâl ând mâthem.aLtcâl Potnt of eiev'

<êee [2r).

5. Nodrrs poDerls! V}tât Is It âtld hov to vntüe lt

AccoDdln€ secüloD 2 abovê Ltte modu.s Ponên.s cân bê côtlEldered

âÊ l-mP, z'rîPàr z-mPA oi z-ntP-

lc

2rp

P

o
E
P
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Thê fllst- potnü ls LhâC se musü Dot uaê lD âM,fles:e

syrnbollsâtioD6 l- lrtsi-eâd of )- bêcâusê â t'ulê lê ,rot sD æÉeDülor!

(sêê t2l fot dl;cusÉlor».

The ÉecoDd polDê la î,hât ÿe ,nuat, urê t.hê night. fôt rnulâtlorr

lr|tô t lre rlÉhc fr.ameÿor-k.

1o âns!ÿêr. ttle quesülon: rlrâi. ls the moduÊ pôr'êhË ? lrrê musü

ffu.8t, ÉCâi,ê lD whlclr fiâmer.ôlk ÿê â!e tolklDg.

l*sroRlcal l{orE

t. GoDfuslon bêùveen l-êorrcel'ta âDd 2-concêpùê

Thê uÊuâI preÉrenüât loD of ryllâl. ls called an Hllbêrt lâD ÉlrsLern

t'urE llke th.la:

a Éernl-loÉlc lÊ deflrtêd by an lnductlvâ deflrüf.lorr: â set, of

t heses ls 6eDêt âî-êd fforn â Éeü of ardorna by Du.le8.

ThIs Eyrtetn câ,r be lnüêr'pt'êf-êd âê â l-êÿÊüem or âÉ a

2-ÉyÊtênr, In ou! êxârnplês âr 3 or' æ 
'tl.Vhen üht8 dêftrrlt lon ls êxLe,rded âe l,o É(' fr'om Éernl-lo6lc to

lo6lc t-he âr'|btÉirlf.y ls Bêill êltet'e, lrr ôur' exâr,lpleê: 3 ô1 5.

In ti9l (Kleertê) l,r!êaê s:aÊt.êmlr âr.e con6lder'êd âÊ l-Êÿat ernÊ

«t9l p.43, p.AZ ârld p.AA) buL (,suDdhom I37I corËlder'a t'hem

Dâf.het' âs 2-6y8t.€.mr.

IL ls n(,L c.lêâr. âg aU lD t,hir cont,êxü sheühe! â îulê IÊ â

1-Dulê or â 2-Dule. Kleene côrrêldera Drrles âa l-Dul€. <t19]

pp.A2-43) buü yhâü he calls â det'lÿêd I'ulê «tgl p.Ê6) ls a

2-t rrle. In i-he sâmê wây rÿhâc cliu,rch câLl]t â der.Ivêd t'ule lE â

2-r.ule (t4J p.43, p.93, p.94, p.165). In fâct der'lvêd !'ul6a âr.e
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coDsldered by KleeDe ând Chr,''ch âs metâtnal'hemâ1-tc'ü thêor'ems ([19'

p.46, t4l P'8:|). Derlved !'ules âIe her'e whet' flê bâve câlled

2-mei.âloBlcâ.1 .ules, le 2-pêrmlêslblê r'ules âtld t'treDê . âr'e Dot

dlsültrÉul8hed ft'om 2-de!lvêd "r'lles 
tthioh ate troü exp'lclt'Iÿ

côDÉlder'ed.

Fo!' example| Lhe dedrrct loD t heoDem lÉ cort§ldêt'âd ât â

met at heôretn (â det'lvêd fulê)' But' lf Ye âl'e wot'klng t'êâlly ltt

l-syst êrts, t.hls lÉ Dot â detlved t.r'le' Dummeü lÉ mlÉleadlttt wtren

sâylng t,hâf f.lie deduci.loD üheor'êm st-âf'es l'hat t+ ("t')ls â det'lved

rulê of hls l-s!,êt êm 
^x 

(tA' p'fz?>' In our' exâmPles: Che

deduct lon êireot'em ls â dêr'lvâble t'ule of t but' rrot' of 3' It ls â

2- mêt'âlocilcal t'ule of 3.

2. Pêr'dêalbtuüY

the noüiotl of Pe,',rüÉttble t'ulê wæ put't1n6 forsâI'd ât ühe ênd

of ühe flft les by P.LorenzêD t2tl' Moh Sha*-Kwey tS€lI' Hi; t1?'

â,!dtât,eDtt'udtedbyx.schut.üêt32t,t'.vâDat42],H.C-vâasêI.''tâ't

t43I, Vr.A. Po8ol.zêlêki t261.

\i/hâc ÿâÉ emPlrâÊlzed tÉ üttâf- t'hê ÉeL of Pêr''nlê3lble rules ls

noL stâble by êxLenÉlon of Éltst'etnÉ: â per'üsêtbte rules can ceâsed

to be Penmltslble 1f ÿ'e êxLend ühe ÊyÊüe'n' Bug not.e t'hâü t'he

côDverae ls fâIÉe: â pe!'nüsÉlble t'ule câtt bê pet''ntÉÉlble ln âll

t.he exLenslorE of â sysoe,n, t'hiÉ tÉ t'he êæe of ttrê cuL r'ule ltr §_

(lf ve con6lder exüeDsloDÉ ln êhê Dâür'ü'âI rtây: by Éclre,l â of ru'[e)'

The concePt of Pe!'nrlsslble t'ule apPeated âÉ â st..ârrÉe

phênomenon ,r.elDly bêcâr'lse of t'lllngs dêtêrlbed ln or.l ' r'ema,.k

folloÿdôgi 16.

^lthouÉhL, 
âs se lrâve Éeen lD Llrè pr'êcêdetti' sect'lon' Llre
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dlêêtnctlon bêt veêD ,-Eysl-êma âttd 2-Éÿêt'enrê ls râthêD confuaed lt,

sêêmÊ ütrât Lhê cor»cePt- of Pet.mlsslblê r'ulê 9â6 devêloPed

eÊsertüielly ln ttre fr.atrelrôr'k of ,-conêepü8. îhe fâct thâü ühe cut-

nule is â 2-pet'mlÉslble ârld ,toü â 2_det'lvêd Dule wâÉ ,ieve!' al,ât êd

c.leâ!ly.

J.Pôt!f,ê t29, t âs Lhe fl!'sü f-o mâke âD er.pltctl- dtÉütncüton

beLwêêr! sJrst etDÊ ('sj,sôèmês lo6iÉtlquê3', buf. such sÿaüema ât'e

cônsldeDed lndependell+.ly of tlre loÊilE Cheÿ det er'rnlne), eeml-loglc

(êlrstèmes tbét'lqueE) ârrd loelc (s!.st èmes déductlonneLs) aDd to

sLudy ühei!' relâtlons. 8ut t-be dlsLlllct.lon bett eeD l-syeüêma ând

2-syst.ems ls Dôt expllclt. Hê ttves ütrê follolÿitrt deflnlt.torÉ

«291 p.SB): â pt'lrrüClÿe t'ute R ls T-lhdêpêtrdeDt, fl'o t â sêt of

Dules E lff ühe se,lü-lôBic of !R-{R} ls the sâme âÉ chê semi-}oglc

of fr ârld â pt'Irütlve .ule ls D-independeDt lff t-hê loelc of n-JR|

ls t-he sâmê âs Che loglc of 8. If ÿe lrtf.eDPt'êt- t-hese deflrüülorrê

for 2-r.uleÉ âttd 2-ÉttüêrlÊ, uslrt6 ihlÉ t et'rrütrolo6y lf- tÉ êlêâr' châl-

tn Urÿ the ldênt.tt.y t'ule te A-lDdêPeDdent, buf. riot D-lndePêrrdêrit.

Buf, ÿrlÉt, ls st'I'ârr8e ts t.hâf- Portê seys «291 p.37> ütrâi, thê cut

IrrIê is D-lndepêDdertf- âtrd nôf- T-lndepetldêrtü, buü tn {5- tt- is

T- lndependent- ând ,!ot D-lDdeperrdertt-'

The fâcü ühâü the État.us of ühê cul. t'ulê ls nôt- cleât' âPPêâîê

for exâmplê ln ân ârt'lcle by D.S.Scotü rrlrêt'e tre .tâyÊ: "ID ,ttâtty

for.mâlizâtlo'lÉ â g!.eât' deâl of êffot't ls erapended to ellmlr!âüê cut

âs â pDùrüClve t'ule. ; bui lü ttâê èo be Pt'oved âÉ â det'lved nule.

ID gêrletâI, cut ls nôt e.urDtDâble <...). It l3 only fot' aome vêry

speciâl r'elât-lôDÊ (...) t lrâC ùhe r.ule cârt bê âvolded at ârt

æsumptlon." (1351 p.414).

!ÿê musô empltâÉize t lre fôlloÿdng potnüÊ. Thê crrü t'ulâ lÉ rtoü â
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dêlived rrllê of ühe slrsüêm 6-. It tÉ vet\y êâsy tô flttd â B''êüem

for 3 tÿheDe crrt lÉ ,roL â pr.lmrtlÿê rul€' buü lÉ a deDlved r'ulê,

e.g. ,l ârtd 5. To pDove ID êuch â Êyêtem üheë cuü is â dê ved rule

tÉÉ not-htng to do -tüh ütle cuê-ellnünâülott üheot'etn of 6en'Lzen.

3. OD tt!ê lrrtêr'pt etâOIoD of OeDtzen's Éytrürol -)

^s 
tü 1s know't geDt zen Yrlüe,s â êequenL Ydth t. Buf. the

Él6rllflcât loD of ChlÉ syrrbol ls not îeâIly cleât'. Obÿlôualy

GertLzen üook ühIÉ sy,,|bol ft'om Heftz (sêe GenrLzên tlOI 1932>. lrê

must- recâll ghât vrhttêheâd ârtd RtlÉsel use t-he Êymbol > fol'

lrnpltcât.loD ând â.1Éo eÊ â kJnd of meüa_imPUcât lon d44, 1910).

HllbeDt uêeÉ tho êytnbol + foD lmPllcâülon «14I 1922). In t.hla

conüext ühe rrBe by He.üz of tbe Éyrnbol , lB not- clêâl' âi, âll,

th('uBh tte hlmÊêIf says Lhât he uÊeÉ lt âs Lltê fol'rnâl ImPücâüloD

of larhtt ehêad âDd RuÊBeü <lt3, P.217 fooctloLê one, 1922). Iü l3

eleâr' +-hâü i.hen genozen useÊ thlÉ lfe!'i.zetüârt slrnbol, tt- t3 not.

forlmat lmplicâtlotr, 1n fâcë he usês > for' fortnâl lmPucâi,lot!. sle

tave lDLt'oduced lrêt'ê t.he s!,mbol )- becâuae ÿÿe â,fe usitrB t fÔî

lmpücâülort. fn âDy case lt ls âbÉurd i.o use f- fot' tlrâ 6ênü2êtilâD

Éyrrbot . but- ll, âppeat't ü!râü tt 13 uÉefu! t-o uae â more

ÉrrÉtestlve Êymbol ühâD ''' or\ ''' â6 ln tgr. Thê Éÿmbof )- E;êe"tsr

tood bêcâuse lt' Éu88êtts â côrrnêÊt lon r,it.h f_., bui, t'hê lefü Pât't lls

not the vett.lcâl sL!'oke tEed bÿ F!'e6ê ([9I lA79> tÔ êyrnboüze ühê

aÉder.üIoDâl moôd. <Fot a sPeclal tr'êâürnènt, of t-hlÉ Éubjêci, eee

12t>.

the tÿây OentzeD !ÿrlLes rrrlês Pêlrnlüs dt!'ecôly the

lnf.e!'pr.el,al-loD ôt!.at ÿe lrâve ttrâde lrerie, le ühe dlsttnct-lôn bêt vêên

üeo sf.rictlÿ pâ!âllêl êysl,er'l6 (t-Éystêrrê ând 2-ÉystenrÉ), âtrd t hlclt
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-as lD fecü dêvelopêd by 6.C.Mot§il t'tüclt conÉIdêl'êd â hle!ât'cby

of calcult âccot dlD6 tô C,»e complê,düy of f.he under'lyltrâ ob:lêcf-a

t2s]f,24t-

a, Orr thê thêoDy of ütte cor!§equence oPrÈr'iat-or

Aü f.he ênd of ühe tsê,ntlêE, ÎâDakl lDit'oduêed t'hê cotE€qu€nce

opet'ât-o!' Cn I39t. Ottvlous.ly ülile ts â EeDer'âl t.t'eâl,mêDt of

1-lo61c. But noü of l-êystenE. The ldeâ of Târ'Êkl wâÉ üo Provldê

âD ârdomâëlsâüion of ütle r|oi.iort of deduc|lôti as li, âPPear.Ê ln

ever'ÿ deduct lvê theot y t4o]t4tl. ID fâêt ÙhlÉ lÉ âtl ârdornâf.lÊâtlon

of 1-Éy6tenE of dêducilorl âê ?ae câD see by t.hê clrosen âtdontÉ foD

ütre co,lsequence opêt!ât.o!. îhe atdornat-ttât ton of the dedtlêtlot! câD

be vlerred æ â slrstem of deduct-loD bui. lt fâci. Tât'ski nêve! rrÊed

che corlcepc of r.ule tn Lhts cônt êxt- (see tll ÿ7 for'

coDmênèâr'les). TtÉ nol,lon of Dule t âB É:lver! foD ttre ftt'Éi, Llme tn

ütre frarne?aot'k of .lhe üheo,'y of ühe conseqrtence oPeDât.oI by Los ârld

suszko ln 79AA C22l- Ttrts dêftnit lon iÊ â veDy tênerâl dêfiDlülott

of 1-t'ule rÿhlch Is qulLe stmtlâD Ùo f.hê oDe PreÉeDid hel.e, brtè

êhey deflne the trot lôn of Dule oD â Éel, æ Yrtrrêh 13 'Lâkan âs âtr

âbÊolutê fDeê âltebt'â, â vlslon of thê ot'dlnâr'y set of

t>ropo!§tt iot!âl for'mulâê ÿbtch pet'tnlt t tÔ Élve â dêftntLtÔD of

schemâ in Ùerms of endomoDPtüÉûs, whât thêy câll â st ructur'âl t'ule

(Lhle wot'd lÉ uÊed ln â diffê!ênt tYey by Gentze,n, Éee sêcl.2,

pârü2). 
^lühorr6h 

Suszko t38I ÿaÉ âi âDe of üire dtÉêôverleê of Hlà,

l.he ,rol,lo'l of pet'mitsJbtltty wet dhectly t-t'êât êd (,nly .lâf.et' by

ÿ,.A.Po6oDzelskl t26l sho hâÊ defined Lhe tloüloD of det'lvâble âtld

peDmtsslblê Dules lnÈplt'êd by H-t eDÉ f42r. Hê hâs inüt'oduced Che

DoüloD of Êi,r.uct ulal comPleteDess of â sysüem t26]: êÿêt'ÿ

26



ÉCt'ucüural perimlsslble rrde lÉ deDlvâblê. ID thls coDüexf.

sLruct-rrr'âl conlpletettêÊs hâB bêên 8lrêtemât.lcâ.lly tt t dled t28I ârtd

for' exâmple T.PDucnal tso, hât prôved l,he st t'uc'Lu.t'âl conrPleü€trêsÉ

of t.he lmpllcaùlve int ulülotüsëlc P!'oPoÉlt loDâ.l lo6lc <cf i16).

But, âlI t.htÉ t âkês plâcê ln ü're conüex0 of l-coDceptt. 1o ÊCudy

2-êyêüênE irt the coDt exf. of ühê sürtuctur'âl ütreôr'y of coDaequeDce

opêt âüo!' oDê Dêêd üo corÉldet the bâÉtc sêè âs â mole comPlex

âlgeb!â, rdLh t.eo typês of fuDct lôtE. In fâct- 2-É!'rat enE rrel'e

sôudled orrly lâëer ln Chls corrLext t4B, âDd Lhe Do0lon of

2-der.1vâblltêy, 2_pêDmlsÊlbtüüÿ âDd 2-êt-r'rtctut'â.1 eomPlet,ênêÉê

havê not- beên Ét rrdled yeo iD ühê ft'ânreuot'k of ühe t'hêot'y of the

conÉequêDcê opêt'âtôr.

ou! prêserrü expositlon râa ln6PlDed by êever'âl vot'ka of

N.C.A. dâ CôÉt'â (êee ê.3. I12II2O!) rrho ltæ deftDed t-he riot loD of

1-Éysüenr ând t-r.ule ln e veDy ÉeneDal rrây. A flr'st dêveloPrneôi, of

âbstract. deflntf.toDê of l-s!,tl-em âttd l-rulê âÉ !,ell ât of 2-Érrêt.em

âDd z-I'ule hâÉ bêeit preÉented by fl.C.^ dâ Cost e âDd ttte âut.ho,r ln

tst.
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