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Àbstract

]]i's'tl.t ÿe examtne t]Ê delirubon oJ nany-ÿalwd
logic nithin the fram€flork ol ksiqzl) ûûtm tlæot?.
Secandly w &ÿru's ü1è genenl rcsuk, ctu etginÊ the
existence of 

'nany-ÿatued 
loaic, ûccoràn{ to whic+t

eÿeôr loqic qi bê seên as tÿ1/o-ÿalued. Thrdlÿ \ÿe

snelw tlp pnnciple ol btÿalenæ and shd ünt tt
tlpwal! at d deewr leÿel than one usllalry thin*s.

0. Many questionsr

M,ny-vâlued losic is a very inport.art field of
r€seÂ.ch in togic. But whât is many-valued logic ? One
stEtiry point of msry-valued logic iE tnat not "everythint
is true or false" (!.inciple or bivâlence), tl1ât üffE ffe
otllsr trut-h-valæs. Bln *hâi doÉs Lhis m€ar exactly ?

§hÊll meîy-valùed loSic be thoügla from the point of
viev of matrix theory. followint tie pioneer worts of
Lùk3siewicz snd post ? And frûrt this point of view, is
th€re a cohered definition of y,hat is d mary-vâlu€d
logic ? IÂ a mâny-"alued logic ânÿ logic that câfflot be
cismctrized by a two-ralued mstnx but can be
chsrscterized by some oiher mârrix ?

h ttre principle oi bivalence nol preterved âl a deeper
lev€l in a (fcr €xsmple) the€-,ralu€d matri! wirh üe
distinction bet*ect1 desisDated End non-desi$Eted
vâlues? And car pe chaltenÊe the pdnciple of bisalm.e

S!s-*o provided s bteBldlt semalÙcs for
Irrkasieÿic/s ttree-vslued losic. This resuli ir in fact
pdt of â a€nel:al reductron theorem âccordins to wti.h

arly losi. hâs a bi%lent semætics. Uthât is the exacr
meadng ofthis rheorem ?

1. Many-valwd logic ând Eahk ti€ory

We cm ilink th"t rnany-vâlued Iogic iÊ the study of
mmy-valued losica. h üir cese, in ordcr to al§wcr the
question "What js rnâny-vElùed logic ?., yre have to
answer the quesüol] "W1tat is a many-valued logic r

To mswer this seeond qllestion we rrust be able ro
hæe ar alswer to ttE qu€§tion "Whd is a loSic r. ràIe

*ill conEide. here a loeic as a l!Ûlguâg€ togerhtr yith a

§ct of tflrtolodes, tiât is to say, methanatically
spe8kirA, â lrA,ê L is a stmcbre <f ;T> ltlere f is m
atsolü! free alsebra (olgebra cf fonn:ler) end I a

Êubsel of tirc dornaia f ofthe algÊbt;.
Such a strücbIe iE s pnticdû csse of vhâl is called a

<loBical) merix, i.e. $ alæbra toFtà€r wità a Ëubset of
its dorlailr elsmsrt! of t}lis subset beins called
designateà ÿahæs. Amùrix iÊ câlled â t-ÿarüzd rn b-ix
accordins ta the c dhslity È of its domain (i.e. the
domâin of its algÊbrâ).

Givrn a losic L, a mùix M is said tD c.hemdznzzd L
iI the underlyiDg sl8ebrâs sre of the strne type md if, for
every homomoçhirn Êom Urc alsebra of forfrrulas to
the alSÊbrâ ofüe mât ir the ealuÊ of every tâuloloff is a
desi8nated value ofI\4

A jogrc is çÂid to be â *-vdJued JoAr" Bir€fl it csn Le
chrâctûiæd by s k-Elued matrix b,n by no i-vrlucd
matrix (i<k) ad :

Ananr-ÿaluEd losc is a k{alùed iosic (2<k).

lDFl l
Maybe on€ csn think tâat no* the job i! oier, i}lat

evefÿning is alight ând ûat we haye a Bood d€finition
for Êtemity.I Ib. ûÈ6 §f lhi r.fl iùt d.wloptd h6? È t Eü.F{s$y (ct [ô

Cort/Bâi.ùlù6o 1995! ofMrlôopb'§ ùsstl @ Éttiy-vrnr?d loeic
(d lMllnoÿrb i993) HogttutL,er.rdDrÿ6ie r.]f{o!xi!.d md
do.r rot rqu& ilE Êtiliost of rhi Ùool ed ilt Èÿir
Aclnsl.dss.nlj r. du r. ù! co Nrhùr srrùê *n.ç fi.C A. dr
Corrr ed O-A S3u6§). t §MrliÂomti ,ih Éûûû ih.sr qu6li@
*u! &Ecù'!d. rr w.! e È bo Eonl6os 16'.', 9r. muld rù!
dio È ûrùrl M v trc fù tùJ 6Bion b Frl E ùIr LN'C

Li'hr d.fûtiù of{,. ror offodr,,ts s b 16'01ü.6cr ns.ün i, rL.
dlrElii.rl .hrrcraiaùor of ! ærd'r 6 . randn4 lEeurs.
&! ls rh. PslÈn schsol W. ca:ll nor rmidd 6m §i6!dd.r lsciÊ hr.
ÿ!d ÿs ril rry rE tr §bdr! n rr rû s b tL! c!.. rhle I
ratr.$Eft nlrrioo ir r.hn ind.rd oÈ s.! ofsûolosr.t

0 3136 7q10.71q7 Srir 01) o I9r7 II+i!
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However the sittrâtuon is not thar sirnple, for exrnple,
iotuitonistic logic, modal losics, and so on, rs manv'

valued logics according to t]!s definiÜor,, snd eeen if one

is generous srough to qccepi. in the r€alm of mmv-valued
loÊlc Êuch nice lôsics he will perhrys be âfraid when he

will sÊÇ rhat Lh. "so on' abov. include' in fa.t almost

This ir a direct consequmce ofa Eenerâlizstio, ofone
of the farnous Lindenbarm's theoÉms, according Lo

vhich eÿery structu l tosic $n be charæterizîà W a
flar,x (rn fsc+ a k-mlued matir, ÿhere k i6 t}le

"rdinalily of t})e largua8. of the lo8lel'. Br whal rs a

stndturu1 lagic ? It is a losic where Lhe §eL of
lauiolosies is stable undcr $tutirudons, i.. stable undÉ'

endomàrphÈms of the âlSebra or formü13Ê.4 Most
peopte tiint ttrat a losrc must be strucurral.r ]1ù§
accôrding to t}le nrÊr definiliôn of 3 maly-ÿaiued Lrgi.
and lo Lidçnbaurn's tlleorem ttley should tli.k that
eyery lo8ic which ls not lro-valued is many-valued6

rhey a'e very generoru indeed
To Fy to solse this pmdoxical con lu§ior! lei u!

examine the cas€ of inbritionistic lotic. Gôdel (ct
lcôd€i 19320 haÊ ÊhoBn thât it cmnot be chÂrâ.tdized
by a finiie matrix. Ma$e tiat is one reûson t sry tlat it
rs nol mdLy-"alued, thinkns of thi§ second derlnÉion

A many-ÿaluzd Losic is a k-valuèd lo8ic (2<k< N r.
tDË21

Bü in ihis casË lr*asiewicz's infinit€ malv-ÿâiued
logic should slso b€ excluded from the rcalm of m6ry-
yâlued lo8ic However LrkslieflicJE in6ûit€ marry'

vatùed logic is generEted by a maÈrix which i§ not the

caronical one (i.È. inc one siven by Liodenbaurn's
i,\€orern).r ftus pelnaps t}le rea§on \r1ry intuitionistic
lo6ic is notconsideedas a maly-rslu€d logic is dÈt:

(1) apa't from the cùoflicâl matrix Siven bv
Lindmbaurn's ticorenr. tirere is no idüftive (i'IinitÊ)
rutrii §7hich chsracteriz€d iL

(2) it is better cherectrized by otier lem6ntic§

Gripke's smàitics fûr exænpte).

It pould b€ difficult, accordinsly to (1), to wrire doPn
a precise definition dr€ to the flrzziness of the concept

ôf "intuiiive n-Iatrit' , md mo.eove. mâybe

frnd onc day en intuitivc i$finitc rnatrix for inh.iiionistic
losic ; in fact JsskowsLi (cr lJsÂkowÊki 1936) haÊ

proved a close result : he ha; strow: that inhritionistic
IoSic cân be .hràcterized by â "intuitivÊ" denu'nerable

clæ' of finiiÊ ûratric.s.
As fEr s§ (2) is conctrned, it is clær illst the study of

intuitionjstic logic does not reduce to i.lrc use of
(logical) rnaEix t}Éory ; bul is this a Sood reason to
consider Élat it is not a many-valued lo8ic ?

Iî fsct there is s kind oft€ndency Phich l€ads one to
conÊider tiat manÿ-vslued logic is bssically a psrt of
rutrix *I€ory. This cân be eâsily eqlaifled by lhe fa.t
ttnt mâtrix th€ory is on€ of t-he main tool§ for the study
ofmany-valued lûgic. However this is not n€cessarily the

only tool for the sudy of a mary-valued logic. the
diffi.ulty is that \rien Àhrdyins a mafly-valusd logi. (for
€xarTle h ttrc sÉnse of DF2) witi other tools, ik
specific ch".ackr of beinS nr3ny-vslued rnay tiot aFpetr

anymore as a key feab.re. on d:e other hErd k-lBloed
(2<k) rnâtrices cæ, b€ uletully l§ed everl io tlle ca§e or
biyalent losic, as Êhopn by a result such as dre one of
Bemây§ (cf. lBernÂy§ 1ç26] aboùt independency or
axioms for clarsical losic

Thuâ maTbe it ÿill be bett€r to §ay thât a logic ca1 b€

vies,ed, tr€ated or str]died trom üre viewpoirt of many-

ralue&É!§, rather rhtn to say that it iÊ a many-ralued
logic In this try to alsw€r t}lê que§lion

"W1lât is rnsny-mlued lûgic ?" tryin8 to ansYet qnÏar is
mary-l'alu€&Éss 7 rzûher tirn "vÿhât i§ a mffiy-va1ù€d

lcSic ?". Mar.y-ÿalued lo8ic tsken ss mÊny-"aluedness

sppeEls tlien Bs a bt[lch of tectnicE *hich c€n be awliëd
;'d1e sLudy of losic ir csfl be cld§,cÀl §et theûrf.
classical prcof t-heoql, luzzy logt ta or a loe. like Ûr
tlree-yâlued loSic of Irkalielriez

Bln csn rse say iiat t-h€§e rechnics reduce t" (!sË ot)

2- Evei'y logic .ar be seta as tro-vrhed

R.Sus*o (cf. lsùlrlrc 19?5) hæ con't'ucted â iwo-
valued sernatics for IrkâÂiewicz's tlree-YakEd losic
Hourhas he succ€ededrc r"alrze tlrrs inpossrbl. task?"I ltit esrn! im b. ?Écndld i! sùst Brÿ la rh. i!* of i tûs.q!6c.

r.Idior bl! ir rh,6 .É. r §i@t sûn i! sol moù€b. , .tæ6 §rhûic.s
6 n.c.ssrÿ, lûoh Ed.' rh. ffié'Litddtlù bwdli" (d.!tns tbod
156. rtsub, cm b. f.ud in [irojcicÈi 1988]
rTh.'? d?6rtiù6 or tucltjily Ed subsrnurio æ lN r§ La6 ed
Sur*o Gf tlis BdSù6*§ l9lg)
J This con..Fù of srrEàEnrÿ is in fr.r rha ntrh'ûrücn chnû6r,m
ofihr inrüùhlnÿ oftÀ. f.m Bib Esüds !ô iht .6rak i!àc s.môd
rccddôer!stlchrosii G sôdi. b. ftnll'
I Th! lisn r!sê6 of r I ÿrhEd eûia r 0 valu.d EdtrÀ, . nûÛ ÿiilou!
drnsDd'd v us. crc., E cmonly .sM?dThn is ÿhrr ft lnw

'li ,s É h.i gadtod bÿ !Bô iùùn. f,n ic.t riD.è ir h$ Ù?.n 6Àom
ûn û. dem.nbl. Dd ù. cdtiosù. LÙtûn*i@ t nutÂ..s
dd.Irur o.. üd t5c tû. losc

t Thr E.rh.d ofhor.û-y,luâd md.k .m tr dsneidât d Pdi oftav_

e Mby ÿnù.dn se ls uâd ô c@rtiM pirh ù' ,otlm of .ù!_

.ÈFid,rin (d . s. [Gr5d 1975D
r Th. *d rLti- bd*.n Â,,, lôe. sd rey-ÿnurd loBic i. sd, ro
6. .!.tuIb .I@in.J (sôe p.odâ lbinl fûJ .ftr!ô thû lhêy i. tL.
re4 Alyÿry n r.à6 tb4 ll Ls! iâclûid Am imy_ÿtlnêd 1og.

rl this ràsu[ G sril not w.I&ro*n hd ôf,à no! rrte in Ecôûr iÀ

6!edùd p..s.ùirc .f My-ÿrir.d losrc tÙttlôô**i 194,
p'. ÿnB rd d$tusrs rt!6 rcrüt lhrt notodÿ rhoüd iaporc

118



To uflde.§tlfld tlig parâdox we hÂye to moke a

distüction bctrc.n diff.rcrn khds of scnrurrics. §hould
n€ceÂ8trily a ùro-ealued sefrwrics for a loaic L be a

two-eElued chsract€rized mskix for inis losic ? Irnasin.
thst ve hÂv€ a set B of frrrtctioff ûom Fto {0,1} md
thd this sct is not tilÊ sct of hornomorphisrns bctscÊn
the al8€brs of foÎrrdas snd s coneBponding matrixrÊ
altebrB. tnagin€ hoÿ€v€r that this set is en dequate
sêmatics for L ifl the ssnse thst a fûrmulâ of L is a

t&.Itoloÿ ilf its raluc under cvcry finction of B is l.
lrhat kind of Êe-rnmricÊ is thiE ? VJ}ÿ not call it s !xo-
vâlEd ddrtics? Thir iÊ dch kind of smsraict thtt
SüsÀo didprovide forhkasieï.icls Lhxee-valued logic.

§$*o (cf. ISwâo 1977D mskeÊ the distinctior
betlxem ,oar'æl ÿakatton d\d olgebmiê ÿahation.
lJhat he cgl1s algebraic yalùdjcfl§ se froctioos shore
soürce is the al8ebrâ of frrrnulaÂ ml which sr€
homomorphims betwccn this alçbra and an algcbra of
Êimils B'p€ (m al8€bra or â maÈix). And phat he calls
logicd Oi»aluâtionr sre fimctiorls Aom the algebm of
forrnuhs into the set {0,1} phich ar€ not
hornomorphi$ru O.tycin ttlc altebra of forrn âs ând m
algebra of gimilai tJ,pe).

FouoFins su!.*o's distinctior! re vill call a laS,cal
ss,flsnûcs a serntrlticr rûâde of logicâl vâluâtionÂ erd a

nehaal se a$!i6 s semmlics mEdÊ of alebraic

a is possibic to plovidÊ lcr €yery lo8ic a tFo-lElued
loÈcâl sel1mr,cs.rr The dimcdry hæ rs üe sæne as in
t}te csse of üe canonicat Linderbar.m matrix : this
g€rr€ffil (trivial) result does not slloB us to ssy thst the
Fàdy of a siyen losic i! nece§rEily int restins from a

biealsù eie\epoint ; Fe rnùst fmd a "gûod', 'int'ritiye",
'fruittul" two-valued lodcal semanrics. a is not clcæ for
ë6rpte that SU3*o's tpo-valued ,emtrûic! for
Li.asi€yic/! Éree-ialùed losic is really relevs1t for itr
study. A hâs not yet bÉ€lr ü{ed tô prove siSnificat new

I\ro-valued losic8t Ê€rnrtics is not B tool phich h8s

begl eidely used in Poleld Rhere t}le matrix Bpproach

prevailsr'. But it hss been successfully ùd eÉensively
uscd ir Brazil, d first for dee€lopins ân "inrxitivc
§€rnarticÊ fof pâIaconsist€rt logic (§ee [dâ CoBrrÀIye§
197?D dd Ârrther for tlt. d€velopment of other logics
ând even as Ê basic tool for ùe systernâtizârion ot logic.
\tith ressrds to tàis last aim, it has bc.n câllid by N'C.À
da Costa, tlre theory o! ÿaketim (fot d€râils on rhi§
Lheory scc lda CostalBézial 1 994a & 1 994b).

J.-Y.Béziâu(ci [Béziau 1990]) har pr€s€flted a r})ree-
valued semmties (fo.th. parÊcor'lirtent losic Ct) phich
is not a mstricisl s€mEricÊ bùt a logicst semmtics in the
rsne sense ar the above defiaition of two-valued losical
Êemetics, i.e. thir sernmtics is a Êer of ft&ctions ehoÊe
tqet is s set of tlrce elements (one bciry design*eQ
\rhich a'e not âl8ebrâic ÿaluations.

Th€ intercÉt of doina so is that th€ uEe of this three-
ealued losical s€mmtics l€t! appear some iflt€resriflg
fldres which do not ep.?r with t-tl. use of tlle slardâd
t\ro-mlued loaicâl sern6tics for this lo8ic.

We cm reasonably t}lbk that k-vslu€d lo8ical
sem&rics (2<k) 6ê ptrt of rnerÿ-value&re$ a1d
rllerefor. ttrd tlle arurcr lo tàe question of the Ênd of tiÊ
frÉt se.üon rs negstlre'' : mafl)-vâtuedness does not
rcdùcc to (!rt oD mÊtfi:{ theo.y.

3. Mrny-vrh€d logic aul tha pdrciple of
bivalace

There is a rrruch more informal ând 8Éfl€rsl defiiirion
ofmsny-ftIùed lo8ic Ehich is t}rc follovins :

Anary-ÿahadlnzlc iÉ a logic ptich t d'§gresser the
principle ofbirdence. IDF3I

This delirition is relat€d to the rriain mûüvârion tôr
msoy-y,lued losic accordins io phich not €'rerltlins iE
ttue or falEe, thât th€y æe ûths tÎlÏh-vâlues. A is {orth
notiry ttlat tl s definirio. doeB aot .efer to â ,pe. ial kjad
of s€inafltics, like the pr€cedn g on€Ê. 

E

" W. ef, ûor s. th. ?§ft.rian "rlsrtûic 'mûc." t.ce.
eaarry n is Éàd io d6or. 6@lbi,a d.r, fq drpi? tht quüàr
rlarEn of r,qic (s E rls.ùtu (.@trF ! rhs hn ,cE.p!{r@ pit
of cBt4rlù.rt!.$ ? Tbr,r b ird.È6ii,s qrEsiiq tù! E ,i[ loi

' TLqr u" orad wrys ow s l6t rrihn !o do 60. ln rùt cBr ûf r
c@êq,æ! r.lllisa ir ûurr oû!y, d l.E! ù. rtrc. rrnilùd Ei@r ot
TE ri Ibi. eru[. !e tr6 rra..l ô.llpddæilr by Rsûs*! mrl
NC,A dr Çoril tn ü. 19m'a hsÿm n@. of lhm mr. n dûm
Êry,icirlÿ, .o rhd ù.8 i5 no liltdicd roftua rD ir MæoB n *æ
ùrr là6è E r@. .liElmcê6 6rtpr.r û. ko losi.irr d Irrrr if ft
folop CÀnrliromli 3 rE.aiÈsi6 ûa Sû*! i Fruh &cüilôs ro
çfii.h rEu.nrniÿ 6.ffi t 6. Eqlied, eÀi6b i! Àor ihr cùc ô ù
corà's r!ùrl !s E@ .t rr,,, Ed Éo66r, lbol tbÈ Etnr.ii@'j
lLrûEÀ ra [Bâd 19, ed [ù Corlr/Bâjn/Eùno l9rq

rr Ttir cLtdy §r?e l§olios É twojcirti l$al ç6ich G rmo*d t5
bê I lird of rr5radic .rE aeiÙm of ihr tu* oa ri. potirh srhoot l

mlrn rb?dy i. drru'.d d t nsli bd lpo{rled lùsiE t s.B8ll.s R

u Sû?*o iq tsurÀo ,974 do6 ro!.rid.r rr.ludlosi.n rirEri.6
@<B turdrlosoebcrl rÈm For bm rtr Etu.r o( ! Enu mr! nd
!ê .midEd !s losicrl !û!r, ir rrri.ulr bccusc !. lhinE ihri rh.
iütrpfi ii@ ollosiEn ÿnu.r n r 'üd id!f. rl,rr ihæ e ûnh re.
loaicd rnuêr, kür! û.1 fi'ny. Wr n Ed rEuils tæ !ùl! !ùô
!.Llni@n bercd ÿnEs i! t l€rlu.d l€icn iarnnicr (2<ù hm !o ù.
§lrn § lûscd rnu.s (r rmitûloE i6 jusr ! f,nrrr of c@ÿEri§ù
end?Htù&.ould!?e- tutw dc rras6ilsrh. Â.r ttn ihn End af
6mü.r co t. i'ohi.ilr uô6n in th, rtudy sf losic Ed thd r!.
mclbh -lmy-vrtu.rr nûdÿ rppliès t rlt6
rr ID hcr nlÊ fûmlhim of rà. piiû.ipL !f 6iÿ 6cê soÉr ùrcr ln
Alriquny, rr r üÀ. *hrq fü ar@lq rbâ ltsE didôcriü briÿ.s
rqi.n E.l Àûicirt ç6&!cr qB not ùôtùlq Thr hd ln.i rhis
sùqL n nErL,.n§l i! lûsr. ! edi!.d ro Cl'rFilpua rÀ|! i5 ptry
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The principle ûf bivâlence cân be €ryre§s€d in the

'-'i7"^'"",i"*" * .tn r Inae ot fatse bu' not both'

n.*it. p.*.4 or-ü thsL this deftnition is quite

.*,"J *a . i*."r* a"es not rnlolve nè8atim Thrd

i" ;.;;i;";J crear becau§' some peoPre rP t'tr'

i,"",01. "rÉ""r** *,-te con1dncrion of the pnftiPle

ï""i,à.a *iaa. -a,Tc principl' olcontradiction ard

ü"* r*"rr"" *" .ra"" 'onsidered ae princrple nline

i". 
"""rnore 

Moisil (in lMorsil l977l p'34) prPÊents

tàe rotlowl'ls definition of t}e pnn'iple ofbivalence '- -"ii. 
"",*i;" ru ",n" 

-sne-uime tnje and ralse' this ts

*re orirciol. of conlrüiclion : every sentrnce 'c 
rFF or

i"[i-*J 'i"* 
," *,1',;'a possibilitv. ùrÊ i§ the princrple

J*J,a.a.iaal. we wlll ssv thst â §enterre csn have

"". .i,t"'". lôÊ,câl ealue§ trllth or rsls'rv' This

sra!.meor consrLLt-dcs i"h. principle of brvalÉnce"'"''i ;fu;.,,*. **; that Lhe âbove dertutions or

,r,"-;^-'i." .f *'r"a.d middle end ronÙ"sdr'iron do

"it "irrrei 
in"aw nesarron dtd in pdtiLuiæ are not

.îr""f"" t" th€ faciÊ" that .espectiselv pv-p ad
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4. CoDchsion

Let us briefly sunrnarize thê conciusions of ou.
anâb§is :

l. Tïere is no $tilfacrory snswer (even wiûin m8rrix
theory) to th€ quertion "Wllat iÊ a mâny'valued lo8rc r

2. Many-valued lo*ic is a blmch of leclmics which can

be used in losic and Lhat can be dEnoted mder LrÉ n{ne

3. Mrny-valuedûess does not redrce to (püt o0
mâtrix theory. l,ogical mmy-valued sernârti.Ê car be

consid.rÊd âs pârt of msny-vâlueôess,
4. Mstricisl eûd logicâl m€ûy-valued sem€ûtic8

preserÿe at s deeper level tiso-yaluedness, in the
definition of lrutt\ vdth the division be§een desisnated
and non-desisnated valucs, It is posrible to d€velop
m8ny-vâluedness in a more radicalÿay.
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