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Abstract 
 

 We discuss a theory presented in a posthumous paper by Alfred Tarski 
entitled “What are logical notions?”.  Although the theory of these logical 
notions is something outside of the main stream of logic, not presented in 
logic textbooks, it is a very interesting theory and can easily be understood 
by anybody, especially studying the simplest case of the four basic logical 
notions. This is what we are doing here, as well as introducing a challenging 
fifth logical notion.  

We first recall the context and origin of what are here called Tarski-
Lindenbaum logical notions.  In the second part, we present these notions 
in the simple case of a binary relation. In the third part, we examine in which 
sense these are considered as logical notions contrasting them with an 
example of a non-logical relation. In the fourth part, we discuss the 
formulations of the four logical notions in natural language and in first-
order logic without equality, emphasizing the fact that two of the four 
logical notions cannot be expressed in this formal language. In the fifth part, 
we discuss the relations between these notions using the theory of the 
square of opposition. In the sixth part, we introduce the notion of variety 
corresponding to all non-logical notions and we argue that it can be 
considered as a logical notion because it is invariant, always referring to the 
same class of structures.  In the seventh part, we present an enigma: is 
variety formalizable in first-order logic without equality?  

There follow recollections concerning Jan Woleński.  This paper is 
dedicated to his 80th birthday. We end with the bibliography, giving some 
precise references for those wanting to know more about the topic. 
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0.  An Original Idea not to be Found in Logical Textbooks  
 

The present paper is based on a posthumous piece by Tarski entitled “What 
are logical notions?” (Tarski 1986). Alfred Tarski (1901-1983) is the most 
prominent logician of the 20th century together with Kurt Gödel (1906-
1978). Everyone interested in logic has heard of him.1 

However, the theory of logical notions as presented here by Tarski is not 
something in the mainstream. This theory does not appear in any logical 
textbook!  How to explain this paradox?  

Tarski had a great many original ideas. Although he is very famous 
among philosophical logicians for his theory of truth,  and among 
mathematical logicians for the development of model theory, many of his 
ideas and works are still not well-known. 

The Collected Papers of Tarski (1921-1979), prepared by Steven Givant 
and Ralph McKenzie, were published in 1986 by Birkhäuser in four volumes 
of about 700 pages each. These volumes contain mostly photographic 
copies of the papers in the original language in which they were written: 
French, German, Polish, English, without translation and presentation.2 

At the end of the 1920s, Tarski developed the theory of the 
consequence operator, and for many years this theory was hardly known 
outside of Poland. The idea of this theory appeared for the first time in a 
two-page paper published in French in Poland in 1929 (Tarski 1929).  It was 
translated into English by R.Purdy and J.Zygmunt only in 2012, and it was 
published with a presentation by Jan Zygmunt in the Anthology of Universal 
Logic (Zygmunt 2012).3   

In addition to papers, Tarski also published some books. His famous 
Introduction to Logic and to the Methodology of Deductive Sciences (1936), 
which was translated into many languages, can still be considered, after 
nearly one century, one of the best introductions to logic for teaching the 

 
1 I have launched in 2019 the World Logic Day, celebrated in 60 locations all over the 
world on January 14, the day of birth of Tarski and of the death of Gödel (cf. Beziau 
2019), and subsequently made the proposal to UNESCO to recognize this day. It officially 
entered into the UNESCO calendar of international days in 2020. Before that I managed 
to launch in Poland the Alfred Tarski Prize of Logic, part of the project A Prize of Logic in 
Every Country! (cf. Beziau 2018). 
2  Each of these four volumes has been reviewed by Corcoran in Mathematical Reviews 
in 1991 (see the bibliography). During many years they were out of stock. They have 
been re-issued by Birkhäuser in 2019. 
3 We are preparing a volume with posthumous papers (such as the one here discussed) 
and correspondence (to be published also by Birkhäuser). 
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subject. His last book was co-written with Steven Givant4 and published 
after his death: A formalization of set theory without variables (1987). It is 
also outside the main stream of the present logical theories, and it is related 
to the work of Ernst Schröder (1841-1902).5 

The expression “logical notions” is not standard. A more standard way 
of speaking would be “logical concepts”.  And if we have a look at a textbook 
of logic and/or an encyclopedia, we will find as basic “stuffs” related to 
logic, things like connectives, truth-tables, quantifiers, variables, constants, 
proof, inference, deduction, completeness, incompleteness....6  
 If you speak about “diversity”, one will imagine you are talking about 
politics or biology, not about a logical notion. But in this 1986 paper Tarski 
considers  “diversity” to be a fundamental logical notion. What kind of 
diversity is he talking about?   

In the present paper we will investigate and clarify these logical notions.  
Our paper is written for a large audience and can be understood by people 
who have little or even no knowledge of logic, showing that it is possible to 
go directly to the heart of logic without much sophistry. 
 
 
1. Logical Notions according to Tarski and Lindenbaum in the Perspective 
of a Childlike Methodology 
 

In  “What are logical notions?” Tarski proposes to define logical notions as 
those invariant under any one-to-one transformation, something he 
presents as a generalization of an idea of Felix Klein (1849-1925), connected 
to the so-called “Erlangen program”.  

 
4 Givant wrote two interesting papers in The Mathematical intelligencer about Tarski  for 
a general audience (see Givant,1991 and 1999) and there is also the book by Solomon 
and Anita Feferman about Tarski’s life and work (2004). 
5 As Jan Woleński pointed out (1989), the first introduction to modern logic in Poland is 
a presentation of Schröder’s logical ideas as an appendix to Łukasiewicz’s book about 
the principle of contradiction in Aristotle (1910). Jan Łukasiewiecz (1878-1956) was, 
together with Stanisław Leśniewski (1886-1939), the main teacher of Tarski. 
6 Tarski also used the word “notion” in the title of his 1929 paper about consequence 
operator  (in French, but this is exactly the same word, syntactically and semantically,  
as in English). In this paper he presents the consequence operator as a fundamental 
notion of the “methodology of mathematics” which for him is here synonymous with 
“logic”.  I have recently developed a theory about notion (cf. Beziau 2018) in harmony 
with Tarski’s use of this word in his 1929 paper and  his 1986 paper. 
. 
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Tarski presented two main lectures on this topic: 
• May 16, 1966, at Bedford College, the University of London, UK.  
• April 20, 1973, at the State University of New York at Buffalo, USA.7 

The paper “What are logical notions?” is related to these talks and the final 
version was prepared by John Corcoran who attended the second talk.  
Tarski approved the paper but it was published only posthumously, in 1986 
in the journal History and Philosophy of Logic.  
 Corcoran is a famous scholar who wrote the excellent introduction to 
the second edition of Logic, Semantics, Metamathematics (1983), a 
selection of papers by Tarski from 1923 to 1938, translated into English by 
J.H.Woodger.  Since its publication this Tarski 1986 paper has been cited in 
hundreds of scholarly works. Currently it is first on its journal's most-cited 
list. It has been reprinted in The Limits of Logic, edited by S. Shapiro (1996).   
 

 
Alfred Teitelbaum and Adolf Lindenbaum 

 
 As Tarski himself says in this paper, the idea of characterizing logical 
notions in such a way already appears in a paper by Lindenbaum and 
himself in 1934. Adolf Lindenbaum (1904-1941) was the main collaborator 
and friend of Tarski when he was in Poland, so it makes sense to use the 
expression “Tarski-Lindenbaum logical notions” (cf. also the expression 
“Tarski-Lindenbaum algebra”).  

 
7 Rohit Parikh reported that he attended a similar talk by Tarski at Bristol University (UK) 
at about the same period as the talk in London and Michael Dunn attended also a similar 
one at Rice University (Houston, USA), in January 1967.  I am grateful to both of them to 
have informed me about that. 
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One may dispute the order of the name. And there is a joke in Poland 
saying that all the main Tarski’s theorems of this period are due to 
Lindenbaum. Considering that Tarski’s original family name was 
“Teitelbaum”, to avoid confusion, we could create the name 
“A.Lindenteitelbaum” and attribute to the corresponding character the  
joint work, ideas and results, of these two famous logicians. 

Lindenbaum-Tarski’s original paper is technical but related to a 
particular context; on the other hand, Tarski’s posthumous paper is general 
but rather informal. The full theory of logical notions has not yet been 
systematically developed, however some important advances have been 
made, in particular by Gila Sher (1991), Vann McGee (1996) and Denis 
Bonnay (Bonnay did a PhD on the topic, and see also his 2006 survey paper: 
“Logicality and Invariance”).  Solomon Feferman made some critical 
comments about Sher and McGee approaches in a paper dedicated to 
George Boolos entitled “Logic, Logics, and Logicism” (1999); moreover Luca 
Bellotti (2003) wrote an interesting study of Tarski 1986 paper simply called 
“Tarski on  logical notions”. 

 
The aim of our present paper is not to directly and explicitly develop 

such a theory, but to precisely analyze some aspects of it through a very 
simple case. Hopefully, this will contribute to the general theory.  Right now 
there is a contrast between the fact that this 1986 Tarski paper is well- 
known among a small class of specialists but not among the wide class of 
people interested in logic, despite its profound interest.  

We will focus here on a very simple case, logical notions in the context 
of binary relations (presented on page 150 of Tarski 1986 paper). We 
believe that the careful study of simple cases is an important task. Some 
people may avoid doing that thinking it is not serious, that it is trivial and 
childish. But as Alexander Grothendieck (1928-2014) wrote: “Discovery is 
the privilege of the child: the child who has no fear of being once again 
wrong, of looking like an idiot, of not being serious, of not doing things like 
everyone else.”8  And Adolf Lindenbaum himself was interested in the 
question of simplicity (cf. Lindenbaum 1936).9 

 
8 First  paragraph of  "L'enfant et le bon Dieu", first chapter  "Travail et découverte" of 
the first part of  "Fatuité et renouvellement"  of  Grothendieck’s autobiography Récoltes 
et Semailles (thanks to Laurent Lafforgue for the precise reference). 
9 I have been quite influenced by some ideas of Lindenbaum and for this reason, I have 
been working at making his work better known. This has resulted in the publication of 



6 
 

Many people are afraid of being too simple, or of expressing themselves 
in a too simple way. If you say something simple which is wrong, then you 
have more chance to be detected than if you were to say something wrong 
in a complicated way. If you don’t speak clearly and someone says that what 
you are saying is wrong, you can always say the person made a wrong 
interpretation of what you wanted to say. A common trick among sophists. 
Simplicity is risky. But as they like to sing in Germany: No Risk, No Fun! 

 
There are two complementary reasons to use a childlike methodology. 

On the one hand by doing that one may go to the root of things, if any. On 
the other hand, there is a pedagogical aspect: to explain the depth and 
interest of a topic to people having little knowledge of it. We would be 
delighted and it would be wonderful if a 7-year old girl like Alice could 
understand this paper. And we think it is possible.  

There is a tendency to underestimate the intelligence of young children. 
But Patrick Suppes, with whom I was working for two years at Stanford at 
the very beginning of this century, brilliantly showed that a 7-year old can 
understand many things, through his EPGY program for young children, 
teaching them advanced mathematics, physics, music… 

This does not mean that the present paper is restricted to children; we 
would be even more delighted if at the same time some adults enjoy the 
present paper and learn something, understand something. As written by 
Solomon in the Proverbs (3.13): “Joyful is the person who gains 
understanding.” 

 
 

2. The Four Tarski-Lindenbaum Logical Notions in the Case of a Binary 
Relation  
 

We consider binary relations, i.e., relations between two objects, elements, 
things… There are many such relations and in fact, it is possible to prove 
that any n-ary relation can be expressed / reduced to a binary  realtion.10 
Tarski says the following about logical notions in case of binary relations: 
 

 
three papers about his life and work: (Zygmunt and Purdy  2014), (Purdy and  Zygmunt   
2018) and (Woleński 2020). 
10 See (Kalmar 1932, 1936, 1939). I am grateful to Lloyd Humberstone for these 
references. 
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A simple argument shows that there are only four binary relations which are 
logical in this sense: the universal relation which always holds between any two 
objects, the empty relation which never holds, the identity relation which holds 
only between "two" objects when they are identical, and its opposite, the 
diversity relation. So the universal relation, the empty relation, identity, and 
diversity -- these are the only logical binary relations between individuals. This 
is interesting because just these four relations were introduced and discussed 
in the theory of relations by Peirce, Schröder, and other logicians of the 
nineteenth century. (Tarski 1986, p.150) 

 

Let us consider a binary relation on a set with two elements. The four 
relations can be represented by the following picture that is potato-graph- 
like, popular in modern mathematics, and easy to understand for Alice (cf. 
Papy 1963-67, 1969).  We have put the corresponding names below each 
one with the obvious corresponding substantive, but we have replaced 
“diversity” by “difference”, because this is a better name. Hopefully Tarski 
will forgive us. 
 

   

                     Emptiness                                         Universality 
 
 

 
                       Identity                                             Difference 
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3. An Example of a Non-Logical Relation, Formulas and Models   

Alice may ask: what does it mean that these and only these relations are 
logical? For example, why isn’t the following one logical? 

 

We say to Alice: try to describe this configuration (CONF1a) without giving 
a name to the two objects represented by the two crosses, and without 
referring directly to them. You cannot say, “The guy on the left is not in 
relation with himself”  nor “There is a guy who is in relation with another 
guy”,  but you can say  “There is a guy who is in relation with himself” and 
“There is a guy who is in relation with a guy”. 
 Alice may propose the following description: “There is someone who is 
not in relation with himself but who is in relation with someone in relation 
with himself (so the first someone cannot be the second someone), not in 
relation with him”. It is correct, but this is not the only possible description. 

This can be transcribed into the following formula ϕ:  
 

∃𝑥𝑥 (¬(𝑥𝑥𝑥𝑥𝑥𝑥)  ∧  ∃y ((𝑦𝑦𝑥𝑥𝑦𝑦)∧(𝑥𝑥𝑥𝑥𝑦𝑦)∧¬(𝑦𝑦𝑥𝑥𝑥𝑥))) 
 

This is a formula of first-order logic without equality (FoLoWoE). Alice may 
point out that this formula also describes the following configuration 
(CONF1b) 
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And she asks: is this not a problem? 

To reply to this question, we have to introduce model theory to Alice, a 
theory developed by Alfred Tarski himself. Configurations described by a 
formula are called models of this formula. The notion of “model” in this 
sense was put forward by Tarski; he developed a whole theory explaining 
how this works (Tarski 1954-55).  

 
Alice’s question corresponds to the following two interrelated 

questions: 
1) Is it a problem that our formula ϕ describing the first configuration 

also has a different configuration as a model? 
2) Is it possible to find a first-order formula having as a model only the 

first configuration? 
 
If we allow only formulas with no specific names, no constants, only 

variables, the answer to question (2) is negative. And this is not necessarily 
a problem because these two models are considered to be isomorphic:  we 
can establish a one-to-one correspondence between the two that preserves 
the given structure of this configuration, which in model theory indeed is 
simply called a structure. This is because what is important is the structure, 
not the nature of individuals, who have no existence by themselves, outside 
a given structure. 

 
 The two crosses have been treated by Alice as if they were human 
beings by using the pronoun “someone”.  She could have said: “There is an 
object” or “There is something”.  But her choice is good because “someone” 
is a single word. “Something” also is single, but its meaning is not clear in 
the sense that “something” can refer to anything, like a storm, with many 
rain drops. This is not a good means to emphasize unicity, individuality. 
Tarski talks about individuals: “these are the only logical binary relations 
between individuals” (Tarski, 1986, p.150). 

 Furthermore, “someone” gives a lively touch to our discourse, one that 
is more amusing than disturbing.  And something fundamental is preserved 
in this funny way of talking: anonymity. In French at some point in modern 
mathematics people were using expressions such as “truc”, “machin”, 
“bidule”,  a sense of surrealistic  poetry that unfortunately has been lost.   
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Now Alice asks: why is CONF1a  not a logical notion? We reply to her:  
consider a structure with three elements. Can you see that in this case the  
formula ϕ is not categorical in the sense that it has various  non-isomorphic 
models: for example one model in which the additional third guy  has no 
relations with the two others and one in which he is related with one of the 
two: 

 

 
 

 And that’s the reason why: 
• the formula ϕ  does not describe a logical notion 
• the relation in CONF1a is not considered as a logical notion. 

 
Then Alice may inquire about these two reasons and their relations, asking:  

(A1) As far as I understand, the formula  ϕ  does not describe a logical 
notion, because there is a cardinality for which it is not categorical, so 
categoricity is a necessary condition for logicality, but is it a sufficient 
reason? That is, if a formula ψ is categorical for each cardinality, does ψ  
describe a logical notion?  

(A2) If a binary relation can be described by a categorical formula, is it 
sufficient to consider it to be a logical  notion? 

(A3) Is a binary relation considered to be a logical notion only if it can be 
described by a categorical formula? 

 
The reply to (A1)  and (A2) is positive because  Tarski-Lindenbaum’s 

logical notions are defined by invariance, expressed here by the notions of 
isomorphism and categoricity. The answer to question (A3) is not so 
obvious. 
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4.  Expression and Formalization of the Four Tarski-Lindenbaum Logical 
Notions   

Let us investigate with Alice the formulations of the four logical notions.  
We first point out to Alice that,  “There is someone which is not in relation 
with himself but who is in relation with someone in relation with himself,  
not in relation with him” is rather  complicated. And ask her to compare 
with the following formulations of the four logical notions: 
 

Names Formulations in Natural Language 
Emptiness Nobody is in relation with anybody 
Universality Everybody is in relation with everybody 
Identity Everybody is in relation only with himself 
Difference Everybody is in relation with everybody except with himself 

 

The four relations have been expressed in this table using English, a natural 
language which spontaneously grew in the beautiful island where Alice was 
born. Now let us see how these four relations can be formulated in the 
artificial symbolic language FoLoWoE  that we already presented to Alice in 
the previous section. Alice may draw the following table: 
 

Names Formulas of First-Order Logic without Equality 
Emptiness ∀𝑥𝑥∀𝑦𝑦   ¬(𝑥𝑥𝑥𝑥𝑦𝑦) 
Universality ∀𝑥𝑥∀𝑦𝑦   (𝑥𝑥𝑥𝑥𝑦𝑦)  
Identity ??? 
Difference ??? 

 

She put some question marks where she was not able to find a formalization 
using FoLoWoE. There are in fact no formulas of FoLoWoE that express the 
logical notions of identity and difference. It has been proven that identity 
cannot be expressed in first-order logic without equality (see e.g., Hodges 
1983). We will not present the proof here, because this can be understood 
only after a full year’s introductory class in logic (and some people have 
studied logic for one thousand and one nights and still don’t understand 
that).  

But admitting this theorem, Alice can immediately understand that the 
difference also cannot be expressed with a FoLoWoE formula, because, if it 
were the case, then the negation of if  would express identity. All this gives 
a negative answer to the third Alice’s question (A3).  
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 Alice then may ask: but how do we know that identity and difference 
are logical notions? We can reply to her: close your eyes and imagine a 
structure with 5 elements where the only arrows you have are 5 arrows 
rounding above each of the five crosses, a generalization of the diagram we 
presented previously in the case of a structure with two elements. Does not 
this correspond to the expression, “Everybody is in relation only with 
himself”, in the case of a 5-element set? Can you see something else 
corresponding to this expression in this case? And Alice of course after 
opening her eyes cannot reply no. We may go further and ask her to close 
her eyes again and imagine a similar structure with an infinite number of 
crosses, and she will certainly again not reply no.   

The situation of difference is more difficult to imagine as a mental 
image, but we can ask Alice to draw a picture: 

 

And this is the only configuration corresponding to difference in the case of 
a 5-element set that she can draw. 

So, the situation of identity and difference is the same as the situation 
of universality and emptiness: they are categorical notions. But in the case 
of universality and emptiness this categoricity can be expressed by 
FoLoWoE formulas. 
 Alice may inquire why we forbid the use of the equality sign, “=”, which 
is such a nice sign, invented by her cousin Robert Recorde!  And she might 
argue that, if we lift the ban, she can express identity with the following 
formula: 
 

∀𝑥𝑥  (𝑥𝑥𝑥𝑥𝑥𝑥)  ∧  ∀𝑦𝑦 (¬(𝑦𝑦 = 𝑥𝑥) → ¬(𝑥𝑥𝑥𝑥𝑦𝑦)∧¬(𝑦𝑦𝑥𝑥𝑥𝑥)) 
 

But we can say to Alice: is it not a vicious circle to define identity using 
equality, and is the equality sign not referring to identity? After thinking for 
half a second, she replies: “Sure and I don’t want to be trapped in a vicious 
circle, long live freedom!” (cf. Beziau 2020). 
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5.  Relations between the Four Tarski-Lindenbaum Logical Notions 
 

Now Alice may ask: what are the relations between these four logical 
notions? Tarski says that the relation of difference (that he calls “diversity”) 
is the “opposite” of the relation of identity.   

According to the theory of the square of opposition, there are three 
different notions of opposition: contrariety, subcontrariety and 
contradiction.   In set theory, the notions corresponding to these three 
oppositions are respectively, mutual exclusion (or disjointness), full 
intersecting union, and complementation.  Only the last word is standard.  

Anyway, here are some diagrams corresponding to these notions, so 
that Alice will perfectly understand the meaning of these words: 

                      
Mutual Exclusion 

 

 
Full Intersecting Union 

 

 
Complementation 
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A binary relation over a set of two distinct elements, glamorously called  
“a” and “b”, can be represented by a set of pairs. There are four possible 
pairs: <a;a>, <a;b>, < b;a>, <b;b>.  The binary relation acting on them gives 
rise to the table below, also corresponding to what is called a Robinson’s 
diagram - in honor of Abraham Robinson (1918-1974), a good friend of 
Tarski and also a great model-theorist. 
 

 

Identity Difference Universality Emptiness 
(𝑎𝑎𝑥𝑥𝑎𝑎) ¬(𝑎𝑎𝑥𝑥𝑎𝑎) (𝑎𝑎𝑥𝑥𝑎𝑎) ¬(𝑎𝑎𝑥𝑥𝑎𝑎) 

¬(𝑎𝑎𝑥𝑥𝑎𝑎) (𝑎𝑎𝑥𝑥𝑎𝑎) (𝑎𝑎𝑥𝑥𝑎𝑎) ¬(𝑎𝑎𝑥𝑥𝑎𝑎) 
¬(𝑎𝑎𝑥𝑥𝑎𝑎) (𝑎𝑎𝑥𝑥𝑎𝑎) (𝑎𝑎𝑥𝑥𝑎𝑎) ¬(𝑎𝑎𝑥𝑥𝑎𝑎) 
(𝑎𝑎𝑥𝑥𝑎𝑎) ¬(𝑎𝑎𝑥𝑥𝑎𝑎) (𝑎𝑎𝑥𝑥𝑎𝑎) ¬(𝑎𝑎𝑥𝑥𝑎𝑎) 

 
 

This means, in the case of the relation of identity, that this relation is 
the set with the only two pairs:   <a;a>, <b;b>, and in the case of the relation 
of difference that it is the set with  only the two pairs: <a;b>, <b;a>. So, from 
the point of view of the set of all pairs, identity is the complement of 
difference, and vice-versa.  For this reason, we can say that these two logical 
notions are in contradictory opposition, or, simply are contradictory. And 
the same happens between universality and emptiness:  these two logical 
notions are contradictory. We can therefore draw the following healthy red 
cross picture:  

 
 
This red cross is a step towards a full square of opposition, where, besides 
contradiction in red, we have contrariety in blue, subcontrariety in green,11 

 
11 We have introduced this coloring of the square in (Beziau 2003). For recent 
developments on the square of opposition see (Beziau/Lemanski 2020) and 
(Beziau/Vandoulakis 2020).  There is also a special  issue of the journal History and 
Philosophy of Logic on the square (Beziau/Read 2014). 
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and  in black subalternation (which is not an opposition), as shown in the 
figure below, where at each corner we have put quantifiers, having then 
the most typical exemplification of the square. 

 
Alice may ask:  can we make such a square of opposition with these four 
logical notions? The reply is negative. The fact that universality as a logical 
notion is expressed by a formula using universal quantifiers  
∀𝑥𝑥∀𝑦𝑦 (𝑥𝑥𝑥𝑥𝑦𝑦)  can be misleading, giving the idea that we can easily build 
a square of logical notions starting with the top left corner. But Alice can 
check that the relations between the four logical notions are properly 
described as follows:12  

 

 
12 Thanks to Arnon Avron who pointed out the incompleteness of a previous version of 
this diagram. 
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6.  The Logicality of Variety 
 

Besides the four structures corresponding to the four logical notions, there 
are in the simple case of a binary relation 12 other structures. This is just 
the world of combinatorics: we have a total of 16 structures for all the 
configurations of a binary relation over a two-element set. Among these 12 
non-logical structures, half of them are reverse isomorphic images of the 
other ones—mirrors of them.  In section 3, we have already presented two 
of them; here is the whole picture for Alice: 
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Let us consider the class of these 12 structures. It is the complement of the 
class of the 4 structures corresponding to logical notions. In this class of 12 
structures there are non-isomorphic structures, for example: 
 

 
 

and Alice can easily be convinced that it will always be the case also for 
other cardinalities greater than 2. For this reason, we will say that this class 
corresponds to a notion, that we call variety.13 

There is invariance in this variety: for every cardinality, it always refers 
to the same class of models, those not corresponding to logical notions. 
Alice may want to qualify variety as a non-logical notion. And, indeed, the 
notion of variety collects all the non-logical relations. But since it is 
invariant, and since invariance is the basis of  Tarski-Lindenbaum  logical 
notions,  why not also saying that variety is a logical notion, a fifth logical 
notion? Tarski-Lindenbaum invariance is based on isomorphism, but it can 
be seen from the higher perspective of notions always referring to the same 
classes of models.  

From the point of view of classes of models,  the notion of variety is the 
contradictory opposite of  logical relations, but this is not necessarily  a 
problem, an obstacle to calling  it a logical notion; contradictory opposition  
is a logical concept and we can apply here the idea of the identity of 
opposites.   

In a previous paper (see Beziau/Buchsbaum 2016) we were not afraid to 
claim that  anticlassical logic, i.e. the complement of the consequence 
relation of classical logic, can be considered as a  logic, even if it is obeying 
none of the three Tarskian axioms for a consequence relation (reflexivity, 
monotonicity and transitivity).  We did that with the benediction of Jan 
Łukasiewicz  who promoted the notion of a refutation system.  

 Here we are claiming that variety is a logical notion with the 
benediction of Alice Lindenteitelbaum.  

 
13 The word “variety” is used with a different meaning in Universal Algebra, cf. the 
famous  HSP  theorem (Birkhoff 1935). But this use is rather artificial, not directly 
connected to the meaning of the word in natural language. 
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7.  An Enigma for Alice  
 

For a happy ending we ask Alice: is there a FoLoWoE formula  λ  whose 
models are exactly the variety of non-logical relations (for any cardinality)? 

Alice may propose the following formula λ: 
 

∃𝑥𝑥 ∃y (𝑥𝑥𝑥𝑥𝑦𝑦)  ∧  ∃𝑥𝑥 ∃y ¬(𝑥𝑥𝑥𝑥𝑦𝑦)  ∧  ∃𝑥𝑥¬(𝑥𝑥𝑥𝑥𝑥𝑥)  ∧  ∃𝑥𝑥 (𝑥𝑥𝑥𝑥𝑥𝑥)   
 

having in mind the table below where each negation of a logical notion is 
formulated by a FoLoWoE formula: 
 
 

Name Formulas of First-Order Logic without Equality 
Non- Emptiness ∃𝑥𝑥 ∃y  (𝑥𝑥𝑥𝑥𝑦𝑦)  
Non-Universality ∃𝑥𝑥 ∃y  ¬(𝑥𝑥𝑥𝑥𝑦𝑦)  
Non-Identity ∃𝑥𝑥 ¬(𝑥𝑥𝑥𝑥𝑥𝑥)  
Non-Difference ∃𝑥𝑥 (𝑥𝑥𝑥𝑥𝑥𝑥)  

 

But this is a wrong answer! Because λ excludes the structures on lines 2 
and 5 presented in the whole picture of non-logical relations in section 6. 
So we will let Alice find the answer to this question before the end of the 
night or before the end of her life… .  If she cannot find the answer by 
herself, we let her use as a joker MIAOU, the white cat, to whom she may 
ask the question (she can also have a look under the carpet): 
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8.  Dedication and Personal Recollections 
 

When X writes a paper in honor of Y, there are three exclusive and 
exhaustive categories forming a triangle of contrariety. X may write 
something which is: 

(1) a critical comment of some work of Y 
(2) related to the work of Y  
(3) on a topic upon which  Y is working, but not in the two above 

categories. 
The present paper clearly falls in the second category, for two reasons: 

• The Polish School 
• The Square of Opposition 

Jan Woleński is mainly known for all the work he did to preserve and 
promote the history of the Lvov-Warsaw school of logic.14 But he has also 
developed research in many topics, including the square of opposition. 
 We have never worked directly together, but we have collaborated in 
many projects. As far as I remember, my first encounter with Woleński was 
at the 38th Conference of History of Logic, November 17-18, 1992, in 
Kraków, Poland and the latest one at the 41st International Wittgenstein 
Symposium, August 5-11, 2018, in Kirchberg, Austria of which we both were 
invited speakers. In between we met in many other events around the 
world such as Logic, Ontology, Aesthetics - The Golden Age of Polish 
Philosophy, September 23-26, 2004, organized by Sandra Lapointe in 
Montreal, Canada. It would be difficult to list them all. What is important to 
stress is that this shows that both of us think that participation in events 
and interaction with colleagues are fundamental to research. Woleński also 
organized events. I remember in particular the 11th International Congress 
of Logic, Methodology and Philosophy of Science, August 20-26, 1999, 
Kraków, Poland, the best LMPS I took part in.  
 I have also organized many events, in particular, launching three series 
of world events: 

• UNILOG: World Congress and School on Universal Logic 
• SQUARE: World Congress on the Square of Opposition 
• WoCoLoR: World Congress on Logic and Religion15 

 
14 His main book on the subject is (Woleński 1989) but he published / edited lots of other 
books on the topic. He also edited together with the son of Tarski an interesting 
posthumous paper by Tarski (Tarski/Tarski/Woleński 1995). 
15 This series of events was launched together with my colleague Ricardo Silvestre. 
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Woleński has been an invited speaker of editions of all these series.16 He 
was keynote at the 1st SQUARE in Montreux, Switzerland,  2007, keynote at 
the 2nd WoCoLoR in Warsaw, Poland, 2017 (logically supporting atheism), 
keynote at the 2nd  UNILOG in Xi’an, China, 2007.  

At this event in China   I also invited his former teacher Stan Surma 
whom he had not seen for many years (Surma emigrated during the 
communist period to Africa, then Australia, then New Zealand).  In the 
photo in the next page you can see Jan Woleński circled in red, Stan Surma 
in green and me in blue. And you can also recognize other famous logicians 
such as Wilfrid Hodges, Arnon Avron, Bob Meyer, Vincent Hendricks, Arnold 
Koslow, Peter Schroeder-Heister, Valentin Goranko, Heinrich Wansing, etc.  

Besides events, we have been collaborating in editorial projects. Jan 
Woleński  wrote two entries for the Internet Encyclopedia of Philosophy of 
which I am logic area editor: 

• Adolf Lindenbaum 
• The Semantic Theory of Truth 
He contributed to the volume The Lvov-Warsaw School. Past and Present 

edited by Á.Garrido and U.Wybraniec-Skardowska (2018)  that I supervised 
as the managing editor of the book series Studies in Universal Logic where 
it was published. He wrote the following three chapters in this book: 

• Alfred Tarski (1901–1983) 
• Some Philosophical Aspects of Semantic Theory of Truth 
• Jerzy Słupecki (1904–1987)17 
He also published a paper on the square of opposition in the journal 

Logica Universalis that I founded and of which I am the Editor-in-Chief: 
• Applications of squares of oppositions and their generalizations in 

philosophical analysis (2008) 
 

For all these reasons I am very glad to contribute to this special issue and 
to dedicate the present paper to Jan Woleński for his 80th birthday:  

 

May you live actively to 120 years of age at least, Jan!  

 
16 He was also keynote speaker at the 1st World Congress on Analogy in Puebla, Mexico, 
November  4-6, 2015; an event I co-organized with Juan Manuel Campos Benítez and 
Katarzyna Gan-Krzywoszynska. I remember a long discussion I had with him on the bus 
going back from Puebla to Mexico International Airport. 
17 This book was launched at the 6th UNILOG in Vichy, France in June 2018, with the 
participation of Woleński. 
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